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The lLncreesing contribution of mathematics To the culture of
the modern wor.d, as well as Its Iimportance z3 & vital part of
sclentillc a2nd ~umanistic education, has made 1+ essentlal that
the mathematics I1n our schools be both well selected and well

taught.

3 In mind, the varilous mathemaclcal organizations in
ol ates cooperated in the Jormatlon of the School
Mathematics Study Group (SMSG). SMSG includes college and univer-
sity mathematiclans, teachers of mathematics at all levels, exper:
in education, and representatives of science and technology. The
general objective of 3MSG is the improvement of the teaching of
mathematles in the schools of this country. The National Science
Foundatiorn has provided substantial funds for the suppor: of this
endeavor,

One oI zhe prerequislites for the improvement of the teaching
of mathematlics in our schools is an improved curriculum~-one which
takes account of the increasing use of mathematics in science and
technology and in other areas of knowledge and at the same time
one wnich refllects recent advances in mathematics itself. One of
the Tirst projects undertaken by SMSG was to enlist a grocup of
outstanding mathematiclans and mathematics teachers %o prepare a
serles of textbooxs which would Zllustrate such ar improved
curriculum.

The professional mathematicians in SMSG believe that the
mathematics presented in this text is valuable for all weli-
educated cltizens in our society to know and that it is important
for the precoliege student to learn in preparation for advanced
work in the fleld. At the same time, teachers in SMSG believe
that 1t i1s presented in such a form that i1t can be readily grasped
by student;;‘

rd

In mbst instances the material will have a familiar note, but
the presentation and the point of view will be different. Some
materlal will be entirely new to the traditional curriculwm. This
is as 1t should bte, for mathematics is a living and an ever-growing
subjJect, and not a dead and frozen product of antiquity. This
healthy fusion of the old and the new should lead students to a
better understanding of the basic concepts and structure of
mathematics and provide a firmer foundation for understanding and
use of methematics in a sclentific society.

It 1s neot intended that this book be regarded as the only
definitive way of presenting good mathematics to students at this
level. 1Instead, it should be thought of as a sample of the kind
of improved curriculum that we nead and as a source of suggestions
for the authors of commercial textbooks. It is sincerely hoped
that these texts will lead the way toward inspiring a2 more meaning-
ful teaching ol Mathematics, the Queen and Servant of the Sciences.
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cnougn . These ars designed To Lllustrate z kind of mathe-
- 2 - -~ . - ~ -~ - -~ - PN S -

Tal.C8 Currilulium Tnat we se2lleve ariroprlizte Tor elementarny

This volume is a pertlon of tnese materlals which were pregz-ed

oy a group ¢f 30 individuals, cdivided almost egually between
elementary teacrer: znd censultants. 4 strong ef7ort nhas been
made on the gart of all tc maxe the content of this text material
matnemArlLlcally scund, approprlate and teachable. Preliminary
versicns were used in numerous classrooms both Lo strengtien

and tc mocify thnese judgments.

The conternt 1s designed to give the pupil a much broader concept,

'y

than s been traditicrally given zf this level, of what mathe-

matlics really i1s. There 1s less empnasis on rote learning and
more emchasls on tnhe construction of models and symbolic repre-
sentation cf 1deas and relationships f{rom which puplls can draw

lmportant matnematlical generalizations.

The basic content 1s almed at the development of some of the
Jundamental concepts-of mathematics. These irclude ideas about:
number; numers ‘orn; tre -peraticns of aritnmetic; and intultive

geometry. The simplest treatment of fthese 1cdeas 1s introduced

early. They are Treguently re-examined at cacnh succeeding level

~.
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To extend the pupils'! unders:tanding of factoring and of

unique factorization theorem for whole numberse

ot
3
W
ct

To provide experiences in the use of exponents to write

new names fcr numpers.

To strengthen pupllis! understanding of place value in

ct
e)
4]

declmel system of numeration fcr vhol numbers.

To 1ilu

strate the advantages of Zhe exponent form in
naming very large numbers.

To .ntroduce the techniques for multiplication 2nd

divisicn of numbers expressed as powers of a common base.
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MATHEMATICAL BACKGRCUND

Numbers and Numerals

Confusio: frequently exists regarding the terms number and
numeral. These are not synonymous. A number is a concept, an
abstractien. 2 numeral is a symbol, a name for a number. A
rumeration system is a numeral system (not a number system):

{t is'a system for naming numbers.
Ardmittedly, there are times when making the distinction

vetween "number"

-

In contexts where only one numeral system is being used or where

and "numeral" becomes somewhat cumbersome.

:He emphasis is on number rather than numeral, it is convenient
T0 makKe the customary identification of a number with its name.
Wnen, however, numerals are themselves the objects of study it
-s ess2ential to distirguish a number £r . its names and 1its

names from one another. Since this chanter 1s concerned wicn a

A TS ;
TA VY ...Je

£ numeral, an attempt has been made tc preserve such

Q)

2t is 1mportant to understand clearly the correct way in
wnich the equals sign ( = ) 1is to be used.

For example, when we write

4 x 3 =24%=+2
We zre asserting that the symbols "~ x 3" and "24 = 2" are
ezcn names for the same thing--the number 12. In general, “hen
we wWrlte
A = B

Wwe 20 rnot mear that the letters or symbols "i" and 78" are

tne same. They very evidently are not! What we do mean is

""" and "B" =are being used as synonyms.

ny

Fe=ih
%

O
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That 1s, the equality

E = =

asserts precisely that the thing named by the symbol "a" 1is
identical with the thing named by the symbol "B". The equals
sign always should be used only in this sense.

Zxponents, Bases, and Powers

There are many instances in mathematics in which we use a
certain number more than once as a factor. Examples are found
in the :-omputatiocn of area of a2 square, £ =8 X s: in the *olume
of a cube, V =e X e X e: and in the volume of a sphere,
V = % X T Xr X7rXr.

ancther i1llustration of the use of a number several times
as a factor 1s founcd in the designation of place value In our
numeratlion system. The numeral 1,486, for example, can e

o
T 10T

thought of as an abtreviatio
(1 X 16 X 10 x 10) + {4 X 1" x 10) + (8 x 10) + o

A numeral which names a number as a product i1s called a
product expression. Thus 5 X 2 x 3 18 a product expression

for the number with decimal numeral 30. If a product expression
shows the same factor repeated there 1s a simple way to
abbreviate i¢. Fcr example the expression

L
3 xXx 3 x3x3 1is abbreviated 3,

il
2 x2 x 2 is abbreviated 27,

. Y. 2
and L Xt is zbbreviated t~.

In such abbreviatlons the numeral namlng the repeated factor is
called the base, and the ralsed numeral designating the number
of repetitions is called the exponent. (Note: this use of the
term "base" is related to but ¢iff =nt from its use in place
value numeral systems. The numer:c_ :; contains the decimal
numeral 5 as baz2, tuit it is not a "base five" numeral.
However, the ¢ can be directly translatei into the base

five numeral for this number, namely 1000 five.)

W

bt
(YA
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. ) 4,
when used as a numeral, the symbol 3 s read "three to

‘e call the number &1

a 3, .

. Similarly 2 is read "we o the

. 2 . . .

and ¢t is read "t to the secocnd
4 3

e will call numerals like 23, 2

the fourth power". Since it names 81, w

the fourth power c¢cf thre
third powsr" or "two cubp
power" or "t squared". , and

2 .
T experential forms of the product expressions whicn they

atbreviate. We wlll also say that they express .iumbers as powers.

Tney are simple abbreviated forms of product expressions. 4ny
expressicn containing product expressions which are abbreviated
tc exponential forms will also be called an sxvonential form.
Thus
~ ~ Iy
2 3 4
S, e, ¥ X1TX 7'3: arc
~
- ~
- N , A2 - -
(1% 127 = {4 x 0% - 3 x 1n) - =
are exgcinentlel Torms
Posliicnal Nctatlicon fn the Decimal System of Numeraticn

Cor numeracticon system Ls called the decimal system pecause
it uses zroups of ten The wori decimzl comz2s from the Latin
word "decem" which means "ten." The decimal system is widely
used thrcughcout the world today.

It i1s probable that the reascn a detimal numeral system
evolved L1s that people have :zzn fingers The ten symbols we

use are called digits.

The declimal system uses the ldea of place value to rerresent
the size ¢f z grour. The slze of tne grcup represented by a
diglt cdepends upon the place or the position of the digit in a
numeral. The diglt indicates how many cf that group there are.

~3. 2

“hls clever icdea of place value makes Lt possitle to express a
S

S
size Dy the use of only ten

number of any vmzcelis: O, 1, 2, 3,
4, 2,9, 7, 2, and 9.

Since groupling is v tens and powers of ten in the decimal
system, 1ts base is ten. Zach successive place to the left
indicates a place value ten times as large as that ¢f the
precedling plilace Reading from thz right, the first piace
indicates cnes, the second glace indicates w2ns, ©r ten times one
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(1C x 1). The third place indicates ten times ten (1C x 1C),
one nundred. the next, ten times ten times ten (1C x 1C x 1C)
cne tnousand, and so on.
decimal numeral, such as 2345, may be interpreted as an
avbreviation ¢f a sum expression.
23435 means (2 x 10CC) + (3 x 1CC) + (= x 1C) + (5 x 1), cr

2345 means 2C0C + 30C + 4 + 5.

When we wWwrite the numeral, 2345, we are using number symbols,

3

the idea of place value, and base ten.
~

ecimal system has zn advantage over the Roman numersl
'

. - - 4 - R Y + - 0 -~ ~ <

Systiem Ln tnat L1t has & symtecl fcr zer.. The numeral ¢ is
AR - - [P R . IRE] -

2822 e & . T.zces wnlen would ctherwl.Se Ty empty without e

cenfusing FCr exampile, tne numeral for cone thousand seven is
1o slthout a symecel for zero e mark the empty places, this
mignt Te cenfusel with U7

Anen the meaning of & number is expressed in the form shown
nelow fcr 333, it is said to be written in expanded notaticn
333 0= {2 2 1CC) = {3 x1C) + (2 x1)

Sucth an expression can e put in exponent form in the sense

that .C, .CC, 1CCC, enc. can be expressed as powers c’ 1C.

- -~C p .
333 0= (32 ¥ L) + (3 x1CT) + (3 x 1): or
o e s a8 9
333 = {3 x 13%) + {3 x 1C) + (3 x 1)
-1 - 1 5 R
Since 5% meazns 5 and 10" means 1C, trhe exponent 1 1is written
on. for unifcormity or Tor emphasis

Products and Zuotients of Numbers Written in Fxpcocnent Fcrm

When numbers to be multiplied or Jdivided can be expressed

as gowers c¢f the same number, the operations may be performed by

shorc ani convenlent procedures using only expcnential forms.
5 JZ
> Filg)



The rules for these procedures may be discovered by pupils from
the study of several examples. The general rule for
multiplication Is illustrated and stated telow.

Give an exponential form for n 1f n = 23 X 2

n =2

3 4

X 2

3
"

(2 x2x2)x{2x2x2x2)

[

! 7
in=2"
i
1% g227. thes
-+ 3 4 3+ 4 ~
If n=2"x2", then n = 2(J ) cr n =2
The above examdle illustrates the rule thas
b e {p + ¢)
y Xy =7<~

for cou :ing numbers ., % znd ¢

et n = yb X yc, then

3
i

(y Xy Xy x ... Xy)x(yxyXxyx...xy)
N —_— 4 . - ,
b times ¢ times

In the above expressiocn, y s z factor (b + ¢) times. So

A
[} c (b 4
v xy® = yo el
The general rule for division is illustrated ard stated
below.

Pind &n exponential form for n if n = 105 + lO2

n = 105 = lO2 so
n X 102 = lOD. 2ut

103 x 10% = 102, Therefore
3

o

st
=4

ERIC
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This ~ule 1s a consequence of
{1} the relation between multiplication and division, and

b c (b ~

(2) the rule for multiplying in exponenctial forms.
. c)
y =y =V L

v
o
0
v
o
ct
Yy
ot

S Tc say that

o
—
(o
9
pa—
8

yXy - =Yy

We XNnow however that

Thne value ¢f these rules is this: if each of two numbers is

given Dy an expenrnential form with the same base, there is a very
simple way, involving only addition, to name the.r product in
expcrential ferm. Thus, to find the decimal numeral for 27 x 381
inv

cnen
olves ancther complex procedure while an exponential form for
X 314 requires only the computaticn 3 + 4 = 7. Of course the
two apprcaches give two different numerals, namely 2,187 and
37. 7

Fowever, there are many instances in which 3' is tc be

preferred.

~]

} g
Cr:
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Vocatulary: Factor, product, product expression, repeated

TEACHING TEE UNIT

tjective: To hels pusils learn %o write and interpret

exponent fcrms.

factor, exponent, tase, power, exponent form

Teacrhlng Procedures:

In general, the exploration for each section
of this unit is included in the pupils!' book.
Cnly z few further suggestions are included in
this Teachers' Commentary.

While there 1s more than cne way to teach
s unit effectively, the following procedure is
uggested as one possiblilicy.

1
e
)

Much of the content, except the pages contain-
-ng Exercise Sets, will be studied using questions
which pupilis can answer orally, but would have
difficulty in answering in writing. At the same
time there are many exercises included in these
sections some of which can be completed by the
pupils individually.

The Exercise Sets have been designed to be
used as independent activities. Zxamples are in
m2ny cases supplied at the beginning of each set
so the pupil can complete the exercises in acceptable
form. a4 discussion of iifferent methods used by
ouplls in solving these exercises 1s an exceilent
procedure.

The teacher will find that there is consider-
able reading expected of pupils. It is important
that they learn to read text material with many
nume:als. Hence they should be asked to read
certaln sentences silently and afterwards discuss
the contents ¢f those pages.

(4 8]

e
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Purlls in general learn tc use exponents TO
express numerals gquite readlly. Cne difficulcy
they J0 enccunter is the vocabdulary. There are
many new words in this secticn. A1l pupils shoull
have many opportunitlies to usz and Lllustrate the
meaning of these words. For example on vage z of
the pupils'! bcok, many more examples llke exercise
1 snculd be used. PFor scme puplils, even the word,
factor, may be new.

Exercise 22t 1 need not be ccmpleted as
cne assignment. Parts cf i1t may be used after
the orerequisite concepts have been emphasized.

V()
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Chapter 1

EXPCNENTS

THEZ MEANING OF EXPONENT

—

Suppose you were asked to read a very large
— ‘

number such as one that told you the distance to
2 8tar or one that gave the welight of the earth
ip pounds. These numbers and many others like
them are so very large that you would have
difficulty reading them. For example, the earth's
weight is about 13,000,000,000,00C,000,000,000,000
pourcs.

Thls 1s a very large number. Can you read it?
Can you think of some way in which you mig-“ tell
a friend what the weight of =he earth is in
ovounds?

In this chapter y:u will learn new ways of
reading and writing these large numbers. These

rew ideas will be used often in mathematics and-

sclence courses which you will study later.

OO
bt




P2

Prcduct Expressions and Repeated Factors

]

The sentence 7 X 3 = 03 shows that ©3 1s the product

of 7 and ¢. It also shows that 7 and 9 are ;éaégiék_

of 53. Because it names a number as a product, an

expression 1lke 7 X 9 1is calied 2 product expression.

Give other procuct expressions for 53 if there are any.

;\’;{/)(5/} (/xé:.ﬂ)

2. Write the decimal numeral for each of the following

product expressions.

(a) 3 x 15 (45) (3) 2 x4 x4 (48)
() 3 x 10 (48) (h) 2 x 3 x3 (18)
(e¢) % x 20 (80) (1) 3 X2 x2 x2 x 2{48)
{(d) 4 x 12 (48) (47 2 x2x32 x5 /760
(e) 2 x 24 (48) (k} 5x5x5 (r25)
(£) 3 x 18 (59 (1) 3 x7 x7T (147)

3. How ;any times is the factor 2 wused irn the product

- T\

expression in (J; above?(2) In (1)? [+

4. What fzctor ls used more than once in example (h)? (3)

5. What number ls shown as a repeated Tactor in example (1)?2(7)




g
(O8]

5. Write one or more product expressions for each of the

following. Show at least one repeated factor in each

product expression. The number of bianks will help

you witn some of them.

Exemple: 16 = L x &

fay 27 =(3) x (s3] x (3)
) 25 = Ls) %t
(c) = (g)x (&), or
3% ='2ix/2) x 3 X({3/
(d) 32 = /[2a) x /#) X [(#,, O
32 = /20X _laix ral X/ x [
() 20 = fgix () x L5
(£) 30 = _(a)x (5% (5]

fg)y 28 = X f2)x (7)
(n) 90 = /3 x (3 x (/o) .
(1) 753 = [(3)x (s7x (57
(3) 100 = {0/ X 4sj, or
100 = /2ix (&) x (5 X /Jj
(0) 72 = raaix () x (2 X05) w(s) (e ane othins)

(l) Sl (//g/v‘)/{/}/' (A"iukw o&-v)

() 2008 [ve) X Ve X 00) (g ane othins )

- /oa— :
SRRy,

~T

-~
)
n

N

)
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P4

Using Exponents to Write Numerals

There 1s a short way to write product expressions nich

show repeated Tactors. This short way uses a numeral to tel

o8]

the number of times a factor ls repeated. Her: are some examples.

- - =3
(a) 5 x 5 x 5 is shortened to 5°.
r‘ -~ z . - /2
(b) S x 5 is snhortened to 5°.
(c) 2x2x2x2x2 1is shortened So 2°.
What we have 1s a ria2Ww way to name numbers The new symbols
o 23 2 D : P
iigke 27, 07, and 2 are mace up of tWwo numerals. The upper
numeral s cailed the exponent and the lower orne ‘s called the
base

2
(a) 57 s read "five to the third power".
six to the second power".
( ) 95 z ", - - P - P . fn
c 27 1s read "two To the fifth power".

The new names zre called exponent forms.

- - _ - -3
125 =5 X 5 x 5 =5
{decimal; (product (

exponent form)
expression)

ny

(5) 9% is the exponent form of the expression 5 x 5
. 2
36 = O X O = 5 "
(decimal) (product (exgonent form)
exoression)

ERIC
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(c) 2° 1s the ezponerit form of the expression

2 x 2 x 2 x2x 2.

un

I2 =2 x2x%x2x%x2x2=2
(decimal) (product (exponent form)
expression}

A number which can be expressed 1n exponent form i1s called a

”

power of the number named by the base. The number 125 is calléd

the third power of 5. The number 30 1s called the second power

of ©, and, the number 54 is called the sixth power of 2. The
third pcwer of 4 is alsc b4%. This 1s why a symbol 1like 53 is
read
"five to the third zower".
Nctice that more than one base can be used in expressing

scme numbers as powers.

ct
oy
1]

54 18 the third power of four and also

slxth pcwer of 2.

= . ; 3
1. ZIZIXpress each of the following in words. PFor 77, say
"seven to the third ¢ er.

(2) 3° (three 2o i Zf»fﬁw) (e) 101‘ (é«,?ﬁ&/&a—dﬂmj
(o) ?,G,a‘»/ﬁ/d;,um//'wy ey 53 {7&@,{, e Thipecsian,)

2 . -
{¢) 9~ (/m,;«.&_&,%z@//,,w (g) 12° (fatslise &2 pecomd prrciony
(d) 72 /W/Lﬁeww ("‘.) _153 %@5 B&WWM

OO
CJivs




2. Sometimes numbers may be written in several exponent foims:
In what difrerent exponenst forms is 1C written in Example
NI 9 2 @
(2) In tn> box below? (4% camd 2°)
“r
3. In what different exprnant ferms is 100 written in

Ixample (~)? (10?) andd (2% x 527)

4. Tell the exporent forms Lo be used in the blanks in the box.

{ aze Ava J&laﬁfj

(a) 16_—"‘1 l'—:’lc
=2x2x 2x 2=2"
b) 36 =6x 6 = 62
~ 1
~ -~ = 72!
=2x2x Ix 3=2"x 37
2 ~ -~ - 3
(¢) 22 =7%x2x 2 =7 x ‘27
. -~ 2
(¢) 31 =9x9=9
_ A A _ ¥
=3 3 X 3 x 3= 37/
. 2
(e} 100 = 10 x 10 = 10 _
! ~ ~ D 2
; =2X 2X 5x 5=2¢2 x;‘
Y v h ~A2
(£) 1&d = 12 x 12 = 12
~ ~ ~ /oY /V!
i =2Xx2x2x2x3x3= /[, x (3%
— J
i3

O
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s Ccmrlete the following sentences:
FIURAY . 1 -3 - N s .'//.“
(@, -The numeral © has exponent anc base __ .
- /
()} The numeral b3 is the exponent form of the product
/
expression (X & X é>> )
AN fas 7 ’3
¢} The numeral 9 is read {AAAL Ao am»ev
{2} Tne number 215 1s the ZZéﬂ } power of 6.
{e) 1In the expression_ 3 % 10" a(ﬁgd“d g%wv)
~as been written in exponent form.
- : n
{#} I n 1is z counting number then the numter 4 has
.I
E%’z as a factor.
N {3 , .
{z, The numeral |4~ has exponent 3 and base +.

-~

Tre number 81 can be written in exponent form

\
/
WAith base 3 and exponent (9% . .
The third power of four has decimzl numeral éﬁLZ .

e
~—

~—r
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il - .. EAE - < - 2 . o - - o
Ccpy and write thne product expressicrn o eazch of

fellowing expecnent forms:

Zxample 73 = 7 x 7 x 7.

(2) 3 (e) 27 (e) w2
(s} 5° 2y e’ (£} 25°

M - -5 -
Arite the exponent

expressions:

Example: 21 x 21 x 21 = 21°

8 x8x38x 3 (e) 2 x 2 x
(z) 11 x 11 x 11 (£) 3C x 3C x 3¢
(e) 3 x3x23x23Ix3x2 {(g) 1C x IC x 1C x
(dy 17 x 17 {n) 12 x 12 x 12 x

ZXpress each number btelow as the product ¢f a rep

Then express 1t in exponent form. (Hint! If you

ot

)y o+
\0

2 X2 x2x2

trouble finding a repeated factor, express -he number as a

product of primes.)

Example: 125 =5 X 5 x 5 = §

() &1 (e) 144 (1) 5 to the

(o) e? x 5% () ot (J} 8 to the

(c) 32 {g) 525 {§).10 tc the

.d) 343 {n) 215 (1) 2 to the
17

third
second
fourth

Tifch

power

power

power
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ianswers Jor EZxercise Sec
/e 37 SA5 X352 2
(@) 37 GA5x3x3 ‘e) (P drere (o) 43°= servor vz
i 2 Ve Y , . o
& e sxe ()27 @x2M8Xe5 (f) a5 asxas  (ay9lmmners
)
. 7 .
<. o & (e} X<
S '
o) /7 (5 g
ej 3 & sev
(@) '7 " { A e
2y a

I {a) 9ro= 9% L=s2" (e)
‘o 3;/Jx::a?=3‘ () riz=/sa W) Txsry-—s5°3
() exevexe =4 2 FXS=§*
2 pxg= g :
/ §=5 vy j)/i:‘g‘—s
ot 4xpxen o 2
(¢) axaraxaxa=a” HoS =o5 ™ :
2 (9) ICEY 23 "54 (k) s0¥rcars vs0=r0”
s /j 7)/ . ~ SIS = &
() I3 = 7y 7= 77 1y ; =g '
(h) &¥srd=¢ (L QXX 2Y2 ya-a
¥ (a) 4 ) ¥
y -
() & (=) #°
e, H7 fTG/ 7
Sial 625 (&) o (e sg o0 (5] =ee
18 2 &7 @) ¥l ) 74 (4) =7¢
19 ~
Iy

O
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r . lani R * - —_— x =
Colective: To help pupils learn now TC wWrlls Jecimal
£ -, -
numerals Ln expe ent form.
Teaching Prccedures:
‘A R - - - ] - 4 o < 4 i
~srlting the 2xpandeld nctatlon Jor Cecimal
- = P em - Rl 2 < - % . 1 - ‘-
numerals 1o expcnent fcrm 1s especlaily Lmperiant.
' =y -1 .
| Sentences _.lKke:

)+ (5 x 10%) + {5 x o)+ (3 x1

Tne develcpment of this secticn is on P1C and
; 2... The generaiizatlon discussed 1n Exerclses =-
i cage P1C is especlally impcrtant. The teacher shculd
i nely every pucil understand this concept.
!
| ZIxercise Set 2 is practice for this se~~ion
| Ixercise Set 3 is a reviewn cf tThe filrst owe
h sectlicnz and agpllcaticne ¢f the Ldeas Intrciuced

20

31

O
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f 0 :
; A ; B C D
i
} ®’reduct Zxpression wish Sxponent Power
Jecimal Numeral ; - =2ated Pactors Form £ Ten
5 i 1
(a) i0 None 10 First
| (o) 200 | 10 x 10 102 /
LAy - i - - < {deeered,
. . - )
(c) 1,000 10 x 10 x 10 R, Third
o 1]
(¢) 12,000 (ro ¥ 0y o X)) 107 (fazert)
P
(e) ‘/ 5(:‘/ 0001“‘ 10 x 10 x 10 x 10 x 10 (/65/’ Fifth
L A6
{(f) 1,000,000 | (/0 x o ¥ 7¢ v s0 xso x/0)| 10 (g
o 7
(8) {o,000,000)] 20x10x10x 10x 10x 16x 10 (207)  Veterzd) |
.

(nh) 100,000,000 (/¢ ¥ 70 x,0x/¢ x s0 X/O)”G//OJ (/d r/ | LZighth

1. Read the numera:s in Column A above and supply those that
are mlssing.

. In Columrn - each number Ls how many times as large as the
one named zbove 1t? (10 Lmee )

3. Tell what s missirg in Columns 4, 3, and D.

4. Compare the number of zeros in each numeral in Column A wis
the exponent of 1C in Column C in the same row, What is
true in each comparison? (jzzﬁf are e g ame.)

>. DO ¥ou see that 1 followed by six zeros can be expressed

i o]
28 10 tc the sixth power?(us)It is written 10°.

Tc write the declmal numeral for 10/, we wWrite 1 {ollowed
by how mary zeros? (cerrer )

Express cach of the following as a power of ten.

(2} 10c,000 (10F) (p) 100.0C0.000 (10%) () 3 npo




Table II
% . | B
i A D C
I Decimal Product Zxpressions Exponent Form of
Numeral i .
500 | % x 100 = & x (10 x 10) 4 x 10°
6,000 | 6 x 1,000= & x (10 x 10 x 10} & x 10°
~ , - 2
500 | X /o0 =[x s0X/0 ) 5 %x 10
i , ,
G0, 000 9 x 10,000 =(?X/a Y/8 X700 X0 ) (’;’r‘ ¥ /6 ’“/‘
{7 cog) | T % 1,000 = 7 x (10 x 10 x 10) | (7 yr03)
300,000 3 x lO0,000=((} X IOY IO X0 x/o,\//o) (3 X/G"’j
30 | 8 x 10 8 x 10%
, 6
l¥OOQoow ax%mama-&/mymnmwyan@) 2 x 10
3
(o (3 ¥ 0. 3 x 10°
27,000 27 x 1,000 =/a 7X/0X/0//d) 27 X 103
15,000,000 | 13 x 1,000,000 =(x 0 x0 10800000 r5= x r6t
. In the table abcve, wnat product expresaions are glven for

Lo (4X/OO amd 4% ICx o)

How is 400 expressed in exponent form? {4 X /O‘)

, LR
o How is 6,000 expressed in exponent form? (¢ = 107

)

Supply the numerals which are missing in the above table.

4=

On Page 1, the welght of the earth was given as about

13,000,000 ,000,000,000,000,000,000 pounds. Express the
4

weignt 1n the form used in Column C in the table.(B XIOA)

5. Did you ever hear the name "googol" wused for a number?
Googol 1s the name given to a number written as "t
foiilowed oy one hundred zerce. Tvpress this number as a
power of ten. ( 10"°°)

ee




Write each of the following in expcrznt “orm as z power ¢f ten.
Zxample 1,000 = 103
” (r¢°)
fa) 10,000 {77/ (¢) 10
(6) 100  (s0%) {e) 10,000,000,000 (¢~
{c) 100,000  (,o%) (f) 1,000,000 (e

Write each of the followirg as a power of 10.
Example: 10 x 10 = 10
(a) 20 x 10 x 10 x 10 ! 10

(¢) 10 x 10 x

(]

O x 10 x 10 x 10 (,0%)

(¢) 10 x 10 x 10 (re*)
(d) 100 x 100 x 100 (9%
(e) 10 x 1,000 [70%)
(f) 2,000 x 1,000 x 1,000 (0%

Find the decimal numeral for each of the following.

Example: 6 x 103 = 5,000

X

i
(a) 7 x 10 /70/“0/" (¢) 9 106,/Zoo<:,oaoj(e) (3 x 2) x 102@00)

) 10% x 2(2009) () 107 x 8 (sbgoso) (£) (2 x 5) X 10¢s06600)

Write each of the followlng in the kind of exponent form

shown in exercise 3.

Example: 5,000 = 5 x lO3

(2) 60,000 (6 ¥ e*)  (a) 8,000,000 (5 x r0¢)

(b) 200 (2 x s6%) (e) 90 (5 x 0

(¢) 700,000 (O xr0%) (£) 300,000,000 (3«07
23
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Exarclse Set 3

<
1. Which of the following is the larzest number?fS{)Which

is the smallest number?(3x4)Explain your answer .(3:3x3:3=81)

(3x+ =12)
(a) 3.4 % (0) ¥ (¢) 3
(a) 43 (e) 3%
5. 2° is a number how much larger than 520 (28)

-~

. . o}
3. Trne number 2

numoer 822 (4 Himse &0m£¢ﬁ?b>

1s how many times as large as the

»

L, Suppose you are offered a Job wnich Would take you 5

working days to complete. The employer offers you T¥

the first day. Each day after, for four days, your
daily wages will be multiplied by 7.

(2) Make a table like tnhe one below to show the amount
you would earn each day. Show also your dally

earnings written as a power of 7.

Day on Job Earnings Earnings written as
each day a power of T
First T¢ 7t
>
Second #57 7
3
Taird E 343 7
Fourth gf;¢ g/ 7 #
3’ j
| Firtn Ve 07 7 |

() what will be your total earnings for the week%?cyc.azj

5. P¥ind the decimal numeral for each of the following:

52 (..79 oj

v

’ ) 1

1

3 x & (%

—
o’

24

(c)
(d)

2 x 10

23 X 52

(e20)
(a‘)oo)



[

O\

L

Yaxe the necessary computations.

Tollowing mathematiczl

»

() 30° < 3x 2 2
(c; 1575 10 = 52
(@) 37 -2 =50+ 15
(e) 117 # 13° . 28

[9 3PN

sentences true or false.

1

/\
.

/\
\h

,\
Nl

(2) 20% - 9% =100 - 90 (A
(1) 5%+ 3% ¢ 83 (7
(1) 150 - 12° ¢ 10 (7T)
(3) 93 - 700 = 29 7
(k) 8 - 80 =3 (F)

25
36

merk each ol

-
79}

e
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Cbliective Tc help pu .ls extend :their understanding of the
Ceclmal s stem of numeration by writing numerzls
in experded nctaticn using expcnents.

Veocatulary: CIZecimal system, digit, place value

Teaching Procedures:

Most puplls have studied principles of
numeraticn. Here they review them using exponents.
An understanding of these properties is one of the
vzry important objectives of the mathematics
program.

37



EXPiNDED NCTATION

The system we use Jor naming numberz is che decimal system.
In our System we groud by tens. The word decimal comes from

;23 "decem" which means "ten.”

wne Latin

(0]
ct

W
as cur wriltten language uses an alghabet cf 25 symbols,

Ju
e

1
o ~

cimzl system uses an "alphabet" of ten symbols:
2, 3, &, &5, 6, 7, 8, 9. These are used as numerals for

dtziss. Digits are whole numbers less than ten.

In our written language the alphabet symbols are used to
form words which are usec as names. In the decimal system the
ten symtols for digits are used tc form "words" which name larger
whole numpers. These "words' are numerzis made up c¢f two, three,
four, or more cdlgit numerals.

To understand zhe decimal numeral system we learrn how To
£4nd the meaning of "words” like 23, £.5, .04. Let us review

fo

the way we think cf decimals r Wwhole numbers.

5, each numeral 5 represents a different

N

>

1. In the-numerail 5
e place in which a 5 1s wrltten tel:is whether 1t

o]

e

value. Th

represents 5 nes, 5 %ens, 5 hundreds or Y thousands.
c

The meaning of each numzral 18 shown by the alagram Iin box A.
—~ Read the names of the places shown In box ~.
A -
55 5 5
E | i L_—E:? fnes orv(? x 1) .
‘ 5 tens or (5 x 10) oxr (5 »x 107)
L— 5 hundreds or (5 x 10 x 10) or (5 x 102)
5  thousands or (5 x 10 x 10x10) or (5 x 103)
ieft 1n the numeral 555, the value

s
w

2. £As we zo from right tc
~

woasmEn Ty oA~ =
PR SRCACHORASS <Y >

now manv times the value of tre

5 before 1t2(10) As we go from left to right the value

\Nn

represented ty each 5 1s one-tenth the value of the

befcre iT.

3¥

O
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3. The diagram in box & shows that place values are powers cf
“2n. In the decimal system, we grouvp not just by tens,
but by powers of ten. What vowers of ten are shecwn in box A°

QQ&Q:A4*’E¢,an44L zéhwoﬂvua449

- {

X 10 x 10 x 10) + (5 x 10 x 10) + (5 x 1C) + (5 x 1)
3

)

U Ul
n
U
(V3]
I
e~
U

+ (5 x 102) + (5 x lol) + (5 x 1) I

3
~

= (

Bex B shows the numeral 5555 written in ®xpanded

N

10

form cr in expanded notation. The last line shows the exponent

form of this expanded nctation.

The nuneral 2,048,315 is

C

read "two million, six hundred ! ?, & L+ 8, 3 1 53
forty elght thcusand, three F ; I L_____5
hundred fifteer.” : ;| 10

Each groupr o2 three-place ' J 300
numerals 1s sen2rated by a comme : ! 8,000
fo make readin_ easler. We do ' e 4o, 000
not use the word "and" betwaen ; - 600, 000
each group becausc “and" is — 2,000, 000

Teserved for use i reacing the

decimal point ir merals such as 123.85.

4. Stud: .ve diagram in box C and tell the value represented

v each dglt in 2,648,315, (4. A @/

N

28
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5. Now stuly the dilagram in box D and teill the value
represented by each digit numeral in 2,048,315, Give the
va.ue In repeaied factor form and in exponent . - m.

! > |

e &+ 2 3 1 3

i b o]

; ! | Z l - 5 ones  or (5 1)

| ! ’ ; 1 ten or (Ixi0) or (1 x lOl)
| i S 3 hundreds or (213:10) or (3 x 109)
: i - thousands or (8x10x10x10) or (3 x 103)
| E L—% ten thousands or (#x10x10x10x10Y or (4 x lo&)
| | © nundred thousands or  (6x1OXIOX1CX10x10} or (6 x 10°)
I L2 nmillions or /2x1OX10x10x10x10x10) or (2 x 10%)
!2,6-’!—8,315 = (2¢20°)+(6x10°)+ (5x20" )+ {8x10%) 4 (3102 )+ (1x20% )+ (5¢1)

O, Read each of the rollowing numerals:
- = -
(a) 317 {c) 1,306 {e}) 19,cC10 (g}
(z) 98 (@) =5,34%0 (T) 5b5,8Ls (hy
7. #rlte a decimal numeral for each of these:
, s : pz)
(2) nine hundred three o<,
{b) thirty thousand three hundred thirty (Jg32¢ )

EE

—

eignt thousand eight (§co05)

four hundred forty five

606,506
32,976,418

thousand four hundred forty five

(#45; st3057)

29
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tn

xpress each of the following numerals in expanded notation.

Give both the repeated factor form and also the exponent form.
(2) 783(ru/0210) + (gcr0) +(321) o« (d) 200,456 (2x/0x10x10xs0210) +
( 72s0%) + (81x70) +(3x%1) (ox102/0x/0510) + (Ox i0210210) + (4x/0 10)+
(cxr0) +(ext) ov (2210%) +(0x16%) + (0 x103)+
(4x/0) +(5X10) +(6x1)
() 3,07Z (3x/01/01s0)+ (0xr0ug+s () 73,800 (7xs0xr0xi08/0)+

Z110)+ (52 et (3x/0%)+(0210%) + (3370 x/0x10) + (8x 10710) + (O x10) + (0x/)
(7216) + (5x4) v (72/0%) + (3203} +(3210%) H{Ox/0) +Hox1)
{c) 81,080 (2x/0")+(1xi0®)+(oxi)+  (F£) 5,247,600 (5xof)+ (22/05)+
Gx:9+0x) ox (#x10%) + (7% 16°)+ (Cxjo )+ [ox10)+(051) o2
(y,( 10x10x/0%10) +(1 % /05 10%/0) + ($X 10%70x10 2/02/0x10) + ( Ix /px/Ox/ox/o x/0) +
(ox 10x18) +(% x10) + (Ox1) (4x10X/0x/0 x10) + ( 71 10¥/OTI0) +(( x{OxIO)+

(ox10)+ (o:t)

Summary:

Grouping in the decimal system it 9y tens and powers
L8 ten.
2. The declmal system has ten special symbols for the ten

igits of the system.

fu

[y hd

2. In the cecimal system ihe place values are powers of
ten arranged in increasing crder from right to left.
4. The place names from right to left are units [ones),
tens, hundreds, thousands, ten thousands, hundred

thousands, millions, and so on.

43¢
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Answers for Exercise Set

/a) (& xs0 Y, r()na) ~oxs,) (p’[v/eaaojr@rmo«;] w1100, oo xr0) (521

(G xrorr0)r(er0)r(5%/) @rraxrosiorra e proxioriofoly yroxs o) oxee) fx1)
(exror s )l (a9 eenc?)forsonsrbrs )
2
(&) (Fxr000) Hoxrco)hvxcjn@xs) (/ ’/0"")'/\-”(’°f°°°)"(7X/oooj1{““"‘/'!‘"@4"’.j

(/th'ofro xréxs o)'{j b4 /oX/ox/ono)-v&xw wo,r/o),@ X3 r/o)
+(ox 0} o[OX/)

(fxlo" ) a-(o yie™) riwrro) P'P’y (/,/O>‘},{Bx“v),»é//ayf{cxro‘/a-(a x/")'{“"’//

F(S';(/owanojf(owar/oj 00 J Sl

) , I3 , 00, 000 f/o,ooojv-(71/0°“’
X e (,jéx/_ooo oo *{74( >, @0 J’(i /
(Cj [.,“X/ooojs&(:x/oc/ f{&”o) \5’(/] ’ ) y..(‘y/oo) v-(rx'o/"(‘/{//'
(Exroxronrs) *(oxr0xr0) (& r’o) "‘(5"//
(fX/OJ) *(oXraT) w(prro) rEXL) (2 xrerioasorsonre ’/°)'\/9”° r’°”°”°‘la}(€"/ot/ol/oxla

H74se er0xs0)Tle Yrox o) wl3xre) e (st ]

£ls(gxs0 /- (s s0¥)r(510° ks 10

(P x16
AN
7(3~xro’j'x(4v'ic/

2. (a; 345 (&,
/ ¥ 75 e) Jc& 7 (F) 23, %o
(2 352 i co soF (9) 73.000

g r‘{w‘-‘/m A.«./x_ciw? WLens cae. a2 72‘«/’

- V.J—Léc_,c,o/f‘,a_wu// MM/

e’ A.l;e:ﬁo&&md// oF el e T,
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Exercise Set &

234

(2x100) + (3x10) + (4x1}

7
[
t
ct
@
3
e

n in expanded notation

(2x10x10) + (2<10) + (4x1)
in Ihree ways in the box at

(2x10%) + {3x10%) + (4x1)

the right.

i
.
i1
O
3
[]
v
Q,
)
8]
by

the following numerals, write the expanded

notation in the three ways showi: in the example above.

(e} 675 (@) 26,%05
{p) Boke (e} 137,600
e} 5,168 (f) 2,987,65%

2. Write the decimal numeral which 1s expressed in expanded

notation below.

ON

Examples: (5 x 107) + {4 x 10%) = /2 x 107) + (1 x 1) = 621

X 10 x 1) + (O x 20) + (8 x 1) = 703

(7
2) (3% 10%) + (6 x 10) + (5 x 1)
) (% x 10%) = (7 x 10) + (8 x 1)
(¢) (3x 10%) + (6 x 10%) + (6 x 10) + (7 x 1)
(6) (2x 10" + (3x 10%) + (5x 20%) + (*x 20) + (0x 1)
(e) {5x10x1C x10) + (3x 10 x10) + (5x 10) + (2 1)
3

{(T) (6x 10x10x10x1C) + 2x10°) +(&x 10 x10) +{O0x10) + (8x1
(

(g) (7% 107) + (2 x 10°)

(8]
'1y

ind the names for as many groups beyond the million

group as you can.




Exercise Set 5

1. Name the lazrgest and the smallest numbers which have exactly

[ ) ,
four decimal numerals, not using any zero.U??q/ (/////)

n)

. Use the numerals &4, 5. 6, 7, and 8 to name eight

ry

cdiffsrent numbers with five-place numerals. Wwrite the
numerals in a column in order of the size of the numbers

frcm smallest to largest.
C‘ Cete - - f)

. - . 2 .
3. Show that 2° ancd 5 do not name the same number.

(272 2%2x0 xaxs 232, &%= sesr=2s

y A .2 . .
L&, Do 2 and &% name the same number? @7097

N

. Make the necessary computations, then mark each of the

Iollowing mathematical sentences true or false.

:,3 2’—,’ 2¢ T
() 27 =38°{7) () Tx2x2x 2> 7x 2°(7J
-~ ¥ - ~ A 2 A2 4 i
(b) L x .3 = 200{~, (£} 2x €5 =3"x 27 (F)
2 2 &
(¢) 10 x 12 < 12°(7, (g) 65 #£2° (7J
. A3 - - 2 -
(@) 10” > 5 x 10¢C( 7/ (n) S =3"(7)
6. Copy the following and make each ocne into a Symbols
true mathematical sentence. Do this by >
writing one of the ¢ mbols in the box in <

! - ~ . . , R
(e 3x 10 (3) 6x5x 10° (¢) (6 x .02) + 52 (=) 5
2 2
(b} 7 x % 2. 2% 4 100 () 10°x 7° (<) 3x 123
2 ~ ~ ~
2l 2% % 3% (>, ny 2l () 2x 50° (£ )52 x 10°
33
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ERIC

Aruitoxt provided by Eic:



O

ERIC

Aruitoxt provided by Eic:

PRCDUCTS EXPRESSED IN EZXPCNENT FORM

Cbjective: Tc help puplls understand and use the rule for

ccemputing products using exponent forms.

Teacr.ng Prccedures:

I Puplls can discover the rule for multiplying
numbers expressed in exponent form. Below is 2
suggested Iintrocduction. It 1s written as though

. the teacher were speaking to the class. Possible

” puplil answers are enclosed in parentheses. Pupils

4

Zou know how tc name the product of tWwo numbers using

decimal numerals. Guess what this product i{s. Could you guess

the answer to this guestion, "“Find an e. onent form for n

c ~1i0 . -
£ 37 x 3 = n?" (Urge pupils tc guess. Possible answers
Yo ~2C ~oC 15 1<
righct te 377, §°¢ S or evsn “he ccrrect answer 3°7)

Glve me some reasons why you think your answer Ls correct.
Let us put thls exerclse aside and try some easier ones.

MYayoe we can discover hew to name the product.

nd products such
2

X 107 using

n

the Zcx on

vage P21. Then pages P21 and P22 should be

stulled carefully. Then examples 1like
o i b ;
2 2=- =2 can readlly be done

Gy

Yo
QO



P21

FPINDING PRCDUCTS USING EXPCNENT FORMS

1. Can you think of a way to find ar exponent form for these

orocduct exgressions?

(a) 10° x 10° = » (10*) (c) 167 x 10° = o (10%)
(b) 27 x 22 =2 (29 (¢) P x7i=2 (7%

We could solve the problems above by changing the exponent

]

ocrms to cecimal numerals, then mulfiplying in the usual way and

ct

nen changing tack to exponent form.

2
23 x22-8xs
= 32
Then since 32 =8 x4
= (2 x2x2) x (2x2)
_ 25
5 -
23 x 22 2 25
It will te much guicker if we can learn to name the product in

exponent form without changing to decimal numerals and back.

1)

Inding 2 way to do this and learning to use it 1s cur purpose

in this section.

2. I the box below are examples of the multiplication of
numbers expressed in exponent fcrms with the same base.
Study cnese examples. Can you disccver how the exponent
of tne numeral for the product is chbtained? The guestions

beiow tt

[ n

| (2) 29 x 2 =(2x 2x 2
l

! (

oy 3% x 37

©
[
(o]
X
[
O
Il
—~
ju-
O
X
}—
O
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3

3. Example (a) shcws exponent forms for two numbers, 2 and

2 , and for their product, 2{A What 1s true about the base
of all <nree forms? How can the expor.ent for the product be

found from the exponents for the factors?

n example {b) <the base in each exponent form 1s 3. The

T
1

hree exponenis snown are 2, 3, and 5. What is the

ct

exgonent in the produ::?‘gwhat addition fact connects the-e

exponents? (2+2=§)

AN

. In example (c) the exporent O was found by counting

what operation can be used insteal of counting 2 and

O. For the followi.g examples, change each experient form To

repeated facic: lomm. Are all)the products correct? (7c)
(a) 3% x5 = E.M - (@) 102 x 102 x 1¢? = 103
(9} 78 x 2 2 - (s} 85 x 82 - 8° -
(6) 25 x ot x &5 = a3 (£) 42 5 43 _ 48

7. For o fohlis’ o eramples, Write the number as a power
withous cri sxii, To repeated fzcter form.
Zxamnlz 24 b 23 = 2(lé = 3) = 27
(a) <% x5 eyt () 1c% x 102 x 102(0"L 107)
(5) =7 s ot 35N () 252 x 252 (2s(Y. ast)
(¢) 5% <22 5B UL ey 1202 x 200 (1002 se0?)

ERIC
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FINDING A CCMMON RBASE
1. Write each of the following as a
Example: 15 = 4 x 4 = (2 x 2) x
16 =2x8=2x2x4
(2) 54 (3°) (b) 32 (29
2. Wrlte each cf the following as a
(2) 25(s) (p) 625(s°)
3 xrite each of the following 2s a
(a) 10C (0% (b) 10,000 (/0%)
Cne way to find an exporent form for
the decimal rnumerals 125 and 25 ¢t
same base. Here are two examples of
(a) 125 x 25 =
(o) 49 x 343 =

This method can be used only

excression are powers of the

3=

Express as powers of the

same

same

exponent forms.

(a) 16 x ¥2 -
(o) 73« 49 =
(¢) 5° x 25 =

(¢ a*=4") (¢)
S S

Gt /:) (e,
(53:8* = ‘r) ()

of 10.

1,000 (19%)

125 x 25

o exponent forms with the

this method.
=3
2

X 52

81 x 33 = (3 x33: 37}
o4 x 32 =(5“3r=3”)
3 x 9° = (3x3%=37

is first to change



-
-

Exercise Se

o)

1 arite each of *Se numbers as a power.
(2) 52 x 5% =(5%) (e) T x7={(7)
4 .2 \ .2 g 1o
() 37 x 3% = (3% (£) 5° x° =/{ P
2 30 ~3 ~ L4 s amy
(c) 9 x9°= (97 (8) &8 xg& = (8
3 5 103
(2) 16° x 1¢? = (07
2. <Change the n.1erals to exponent forms with tThe same base
and multiply
- a1e. 81 - _ Nt -3 _ L7
Exampile Sl x27 =3 x 3 =3
- . I
() 9 x3=(>%z3"= 3 (e) 32 x & =(a2x2’22)
. 3. < . L fo
{0) &x2=(2%x2=2%) (£) ok x 16 =('x 4%z ¢ )25 2"
(¢) 25 x 25 =lo5m(sis'=5*) (g) 1CC x 1C,0CC =(/0% 0 =/s0%)
; , + 8
(@) 81 x 9=(9%9-9") = (n) 1C,00C x 1C,00C =(/c% 0 =/0°)
(3% 3¢
3. Think of letters of cur alphabet as names of ccunting
numbers Express each cof the fcllowing as a power
3 ) :
Txample: a2 x a~” = a(2 3. a”
o . 263 \ 3 4 (344
(a; 52 % 50 =4 -47) (d) n? xn" =(m yﬁ::m?)
: 3 2 3+ s LT (22 _
(2) v7 x 3y =(5""7.47) (e) 3" x2f 2(3777=3")
, ‘ 2 G+ 5 oy ez 5
(o) 5% x 4% - =47) (£) 27 x =z =(m T=m7)
4. Use exponent forms to sShorien the multiolleation crocess
as snown 1n the example.
S Lo~~~ 102 i !
Example: 30C x %,0CC = (3 x 10°) x (& x 1C7)
ay i) = (3 x 4) x10° x ¢ =12 x 182
/51/0}“&/" / ’JA/O)X@X/D/ (5’!6 )’(/“//0)
3 XI/AJ/OX’C/ \ 1,20C,CcC 36X/ 7 Jo, % F -)
= /0= JJ‘OOC e /.+x/o) on /b!/D’XKSX/o
(a) = B 7CC = &x»x(m‘WO)(c) e x i xé)’(“‘xmy
. . » . 5 0xs0'=
(8) 4CC x Hoo = IEXE o (2) 1,000 x scC =TOK=Toco00

O
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CUCTIENTS EXPRESSED IN EXPONENT FORM

Cblective: To help puplls understand andé use the rule for
finding the quotient when the dividend and

divisor are expressed in expcnent form.

Teachning Prccedure:

Suggestions fcr the previous sect.on are
also appropriate for cthis section. Puplis should
te able to make more intelligent guesses for

0. 2
guotlients to exercises such as 27 + 2 because

of their experience with multiplication.

As with other concepts developed in this
unit, the 1ideas are especially important. Skilil
in using the rule 1s 10t expected from most
pupils. However, you should try to help all
puplls formulate answers to such questions as:

5 4
1. Way is 3O + 32 =3 °?
5 .2 5 _
; 2. 1s 2°+ 2° equal to 2° -2 or
| 25+ 2,
: by
3. Why is 5 + 5 = 172
4. Which is larger 40 = 42 op 10 = 43,
Why ?
H 5. Is 12+ 1% equal so 10+ 172 wnyo
¥
]
40

51




Stnce 215 + 3. names the numter & as a quotient we

w111 call it a quotient expression.

You have learned how to find the decimal numeral for
2lc + 30 oy the dlvision process. Suprose 216 were written

in exponent form as © and 35 were wrlitten a:z 62. I

[#]

there a way to divide as well 2s multiply using exponent forme?

Can we f111 !n the blank helow with an exponent form?

Here are examples showinz two ways we might answer such a

question.,

-

Flrst way
5. .2 , ;
(a) 47+ &% = (4 x 3 x & x4 x4) + (4x &)
= (0% x 4 x 4) ¥ 19 = (256 x &)« 1S

1)

)
Pel

O
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Second Way
(2) 4% = 5% 2 (& x bx 4 x b x 4) ¢ 42 :

= (5 x 5 x 8) x (3 x4)) + 8= (83 x 1By 1 4P
We notice that we must multiply by 42 and then divide
e

the result by But these operations undo ons2

another, sc we do not need to do =ither.

(43 x §%) £ 42 2 3

- -
T
7 3
(b) To express 2' + 27 as a power of 2 We use
")n ~ 7 Q1 ] .
2°x 2" =2'., Since n+ 3 =7, n=4% and

4 2 7 4 \ 3
2t x 2 22T so 2T 223 - (2¥ x 2%y s 23 o
Since the sgecond way 1s so much shorier than the first it
1s the way we should use if we can understand 1t. Perhaps we can
see better how 1t works 1f we flrst write division sentences as

~

mu.cipiication sentences:

(a) To f£ind e we think 7 x 4% = 42, Now we think
the 2 can be % and write 47 x 42 = 47,
Since n+ 2 =5, n'=3 and u3 X 42 = 45. So
42 = 42 (43 x 82y =12 23
We now write 52+ 42 i3
(b) If n=2’ + 2% <chen
nx el =2l
2ut 2& x 27 = 7 sc

S




P28

)

Use the ideas in the above examples - explaining how to

P

£iil ir each blank with an exponent form.
3 - //,.4,\ 4 2 / b

{a) 5" xs= {57 (£) 1w x 1% = _{/0)
(8) (5°x3)+5=12 (g) 1c” = w0° = (%
(c) 3%+ 5= {5 () 10" x (oY) = 10°
(a) (33 x 3%) = 3% - (37 () 169+ 0% = ’/o;‘

e~
1
~
W
)
|
W
1]
[‘(\
{
PR
e
—
J—1
(@]
—
~—
|
~.
S
1]
(=]
®]

Ui

N,




u
ny
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Zxercise 2ot

~xrlTe eacn guotiant expression in exponent form.

S . .3 _ [0

127 = 123 (/29

(@]
L)
|
(@8]
1]
-
Gy
N \\(). "
— L
~ e~~~
xi

]

z Crenge the numerals to exponent forms with the same base
and divlide
-~ - /q -~ , - \ ’1 .
Zxample: 210 + 3o = 6° = 02 = 0(3 22 T = 0
LG )
[ gt (/0‘7/9 =190/
{2} 1o+ & =7 T =5/ (d) 10,00C + 1,000 =
N NI e 50)
(2) 24 32=(L 74=2 (e) 81 + 27 =3 79=3
;o - 252 2% 3] \
(c, 282 +9=(4 ="/ (f) 1,0C0,00C + 10C =
('/O°," /o‘t:/oly
Z.. =nswer the fcllowing in exponent form.

- - !
2} 0° % 10° = //Og/ (£
53 - 52 ://J’) (
, 8 . .4 vy
() 2%+ 27 = F(j) (
.
(o) 1w+ 8= [2Y (

-
X
(02
=
v
~
\)\\
NG

|

e}
O

I
>
N

Ul
=g w Oy
I
u
i
—~
o
X

o)
|
[}
ny
1]
~>
Nall

$
-~
-t
O
X
)
O

S e’ S S S
[}

4u




Zxercise Set 8
Using Ixponent Forms

Th noo - < < =0 o -

i. The aresz 2 square regicn is 27 scuare ‘eesg.
Fd
How 10ns is a2 side? /ETV7&£)
. I
L

2. A rectangu.er reglcn has sides which are < inches ari

e

5) inches,

(a) Name the measure of the area of the region in =ny
|

{vj Write the decimal numeral for :the area measure.@%,oqg)

3. The area of the Unived States is about 3,500,000 square
miles. I our countiry were z rectangular region with one
side 1,00C miles long, how long would the other side be?

. 3\
/3’,600 m/
.

L. Zome very small animals which can e seen crly through a
miecroscope increase in number by splitting intec Swo of the
same xIind. After a certa‘n time each of these dividss into
two animals and so on. Suppose one kind of such animais
divides exactly every 10 minuctes.

fa) How many animals will be produced fr-m a single anumal

(p) about now long is required tc produce 1,00C animals

from 1 animal? (/‘f;ua/aﬂai‘¥0 huhaxizi)

45
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= Tc g0 intc orbit ar.und the earth z satellite must be
mas @™t L o mme 18 '|m3 41 } - T At ant
sreavelling adbcut 10 X 107 miles an hour. In circling

(3%

the earth once the satzllite goes about 7T x 10 miles.
How many times around the earth does the satellite go in

4 . \
3 nours? LZZ¢¢L7

- . ; e 10
Tne nearest star is about 3,441 X 10 miles away. The

ON

. ~a - A0
sun is about &3 x 1C miles away.

. i - o a
{a) Write the decimal numeral for G3 x 10 ,(b3 £00,00C,

,

{t) &bout how many times as far away as the sun is the
nearest star? /3 X/O) v (.370,000/

{c} I© the distance to the sun were used as a uait,

zoout what would Dve the measure of the distance to

- |
the nearest star? (37V/0 j ﬂ3Z@0°D‘“**ty

ght travels about 186,000 miles a second.
.z2) About how many seconds does it take 1ight to travel
(Jboauu14Q)

from the sun to the earth? How many minutes, to

the nearest minute? (?ﬁx¢~9u1 /)

(o) TUse the answers to 7 (a) and 6 (b) to find about
how many minutes 1t takes light to travel from the

/ < .
th2 nearest star to the earth.\57X/0 X§ev &, 760,000 M)

(c) Pind out whether this is longer or shorter than one

year.(%&wfu/ & a m4~“+7&“4 Hewe ane ﬁ#f‘#““b‘a€7

SRS boo 7,,(/;«,«,171%@7«#

46
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Fcr each whole number from 50 through 7C, write the numter

as a product of primes, or write “prime" after the number
i1t is prime. I 2 prime factor occurs mecre than once,

Tewrlite The prcoduct expressicon using expcnertial forms.
Fere 1s zn example:; 35C = 2 X 5 x 35

=2 X 5

2. Express each of the follicwing numbers as a croduct ¢ gowers

of primes as in the example.

Zxample: (27 x 32) x (2 x 3% x35) =27 x 37 x5,

3 # %) . 3 ;
(a) 27 » (2><V4)=(.?X3/ (2) 1C2><o><’,‘:< X3XSXT)

2 ol [ 3
(p) 37 x (3 x5 x T)%JXS{XQ) (g) 102 x 22 x 5212 X5

<2 el (327 ant o an 23, 48
(c) 3% x 48= (9 A< ) (n) 14 x 12=/3°xv2°)

o, Lo -SRI
{(¢) 30 x (2 x5 )=8/¥3 Ao (1) The number of minutes
30 \

{e) 3% x 48‘—(‘sz 3 in a da; =('?f¥.3{;’u'\

3. Write 'yes 1{ the second number is a factor of the first

Write no' if it is not. Do not make any long computations.
2 s/ )
(2) 28 x3 x5, 22 (¥ (o) 5x:2, 15 (‘ﬁ)
2 , \
(o) 22 x 3 x5 , 3 x 53/27@@) 50 x ¢ , 25 (10‘44/
2 . . .3 , ' 2 .2
(¢c) 2° x 3 x 57, 14 [ (g) 2 x323° x5x7 ,(35
j
O 52 3 o (e )
(“) 2 t?/ {

n
X
(%)
X
\ \Nn

A tns /. .
50= AXS2 sp- 7 6 pume
_ bR=2"3/ 67: 3/\/'?3

Jl=3x17 ST7= 3x/9 63=Px7
$2= 3%y 13 STz 2y29 f o L6 To= 2XSXT

) ’ =g
$3 /C“MM; EF P p5=8%13
TH=2X3 bo=3x4xs b&b=xIX/

SE=Fx1/ 67;@-‘.&
47
5%
\‘\
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Chapter 2

FOUTIPLICATION OF RATIONAL NUMVSER,

PURPOSE OF UNIT

The purpose of this unit is to extend the concept of
ratlicnal number and operaticns on rational numbers. Although the
Drimary purrose of the unit is %o develop properties and tech-

nigues ¢l the multiplication of rational numbers, opportunity is
also provided to review the idea of rational number associating
1t with regions, =egments, and sobts of objects. Some practic

is ziven in addition and subtraccion of ratlonal numbers. Fol-
D

lowing this review, the Specific puiposes arz:

1) To develop meaning for the multiplication of rational
numbers. Thils 1s done by assoclating the product of
two ratioral numbers (a) with a rectvangular region,
(o) with sesments on the number line, and (2) with
reference to a collection of objects.

—~
Ny
~—

To develop methods for computing the product of

raticnal numbers named by fractions, decimals, andg
=]

mlixed forms (for example such numerals as 5, 1.5,

1)

By
{3) To develop abllity to solve problems relating to
situations involving multiplication of rational

numbers.

0y
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o} 3
also may nave learnsc csrtein properties ol whole numbers.
primary and micddle grades the idea of "number"

1s enlarged, so twrat oy the erd of the sixth grade the child
e

s each o the cllowing as a name for a number:

1 5 £
- . -~ Z ~ o
s = 3.0, £7 S, 0, = N 1
< et ) =
I~ traditionzl lenguage, «e might sa; that whern = child has

ed the first =ix years ©f school mathematic: he knows
about "tne whole numters, fractlions, decimzls, ancd iixed numbers.
Tnis languaze 1s primerily numeral language ~t oopszcures che

fact that 2 single number zan n

he
W
o]

ames of rany kinds. "Frac-

tions, dezimals, and mixed numbers’ are «inds c¢f rumbors nemes
rather then different kKinds of numbers. Whathel we mas2 = piece

of ribtorn 1% in. ong, or 1 in. lcocrz, or = in. long maxkes
2 R Dy z

same whateve our chcice ol

f

- 1 -
nunerai. That ls, l§. 1.5, are all names for the same
aumber.  This number 15 a member of a set of numbers scmetimes

the non-nezative numbers or the rational rum!

U

ed e
arithmetic. Fo» our surposes here, we shall call them the
raticnal nunbers, realizing that they are only a sutset of tne

of all rational numvers. It also should be realized that

tne s=3 of rational numoers 1s a set which corresponds To
the set of whole nunbers. For example, 0, 3, 7 are ail

. ; . 3 7 .
rational nunhers that are also wnole numbers. 1, ., and .2

ot

%)
5]
(¥
ry
)
ot
’J-
(@]
03
)
} v
3
3
4]
2]
w
ct

hat are not whole numbers.
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s

st Ideas About Rational Number

3

Chilidren develop early ideas about rational numbers sl

(D

NOrd4ing with reglons--rectangular regions, circular reglicns,

“rlangular regions, etc. I- Figures &A. B, and C, rectangular

reglions have been used. For any type of region we must first
entily the unlit region. In Figures A. B, and C, the unit

scua gL
[n Figures A and 2 we see that:
=
(1) The unit rezion hes tzen separated into a number

2) Using regions. Let us see now chiidren use regions to

as c¢f rational numbers. The child learns

S e
cases tc assocliate a number like % or

in simple $ .ith a
o

snzusd portlon of the Iigure. {Rational numbers cen aisc be

assoclated with the unsnaded porwicns.)

Using tTwe or more congruent regions (Fig. C), he can sepa-
rate each into the same number of congruent parts and shad- some

£ tn

Agaln, ne can assoclate a number witn the resulting

snhaded

Fig. Fig. Fig.

A B c

The unit sguare Tne unit sguare Each unit sguare
i1s separated into 1s separated into 1s separated into
2 congruent re- 3 congruent re- 2 congruent re-
glons. 1 Is glons. 2 are glons. 3 are
shaded. shaded. shaded We have

% of & wnit square.

At this point, the child is only at the beginning of his

ticnal numbers. However, let us note what we are
introduce, for example %. We separate the (unit)
nto 3 congruent parts. Then we shade 2 of these

U
het

b2
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e}
parts. Similarly, in ?, we scparate each (unit) region into 2
s

congruent regions, and shade 3 parts In using regions to
3 . R
represent a number llke =5 we musSt emphasize tre fact that we
3

are thinking of = o¢f 2 unlt region, as in Fig. C.

o

(o) Using the number line. The steps used with regions can

o
]

czrried out on the number line. It 1s easy to see that this
a very practical thing to do. If we have a ruler marked only

}s
[ &]

[

inches, we cannot make certaln tyres of useful measurements.
We need to nhave points between the unit intervals, and we would
like to have numbers zssoclated with these point:s.

The way we locate new polrts on tne ruler parallels the

procedure we followed with reglons. We mark off each unit seg-

vent into congruent parts. We count ofl these parts. Thus, in

orcer to locate the point corresponding tc 7 we must mark off

the unit segment In 3 congruent parts. Je then count off =2
of them. (Flg. D) If we have separated eazcn unit interval in
2 congruent parts and countecd off 3 of them, we have located
the point which we would asscclate withn %n {Fiz. E)
2 Parts 2
Q,___)b__.? ! z o ! 2
t o < j —& w3 C ‘i——@——g—%@
2 ;T:rts 2 2
Fig. D Fig. E

Cnice we nave this construction in mind, we see that all
3 L
%, %u %, %3 ?, %% can be associated with

particular points on the number line. To locate %%, for

3uch numbers as

example, we mark the unit segments into 8 congruent segments.
(Pig. F)

Il Segments u
0 A | 8 2
1 ¥
e o 5 o 9o o 6 o ¢ o o o—a o 0——>
“ N J
Y Y
8 Poarts 8 Ports
Mr T
Mg, F
Y



{c) DMNumerals “cr pairs of numbers. Suppose that we con-
-

sider a pair of :zounting numbers such as 11 and I where 11
is The Tirst number and 8 13 the second numter. We can mare a
Symo0ol, writing the name of the Tirst number of the pair above
Che line and that of the second below. Thus for the oair of
~umters, 12 and 3, our symbol wculd e %ﬁ. I7 we nad thougnt

of 3 as She first number of the pair and 11 as the second,

we would nave sald the pair 2 and 11, and thne symbol would
Qa/c oeen {%. For the numbers 3 and &4, the symbo; woulid be
. For the numbers f o and 3, the symbol would te ;

witn Urhe symbol described in the preceding taragrarh, we
can sozlate a point on the number line. The seceond rutmber

a
tells Into hov many congruent segments to separate each unit
ent. The first number tells how many segments to count off.
We also can associate each of cur symbols with 2 shaded
glcen as in Flg. 4, 3, and C. The second number tells us into

now Tany conzruent parts we must separate each unit region. The

first rnumver tells us how many of these parts to shade.
For youns children, regions are easie: to see and to work
with than segments. However, the number line has one strong

X 3
advantaze. For example, we assoclate a number as > with

exactly one polnt on the number line The number line also gilves
an unamtiguous 21 2*“9 Tor numbers like % and %. A region
corresponding to <+ is less precisely defined in that regions
with the same measure nsed not ve identical or even ﬂongﬁuert.

In ®lg. G, we can see that each shaded region is % of a

ognizing that both shaded regions nhave % sq.
o

the area concept.

Unit squ. ¢

Figure G

23
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In

Wnen we match numbers with pcints on the numper .ins, we
work with segments that begln at 0. For thils reasos, “hough the
number line 1s less intultive at ezrly sftages, 1t 1s <21 to use

1t as soon as cessible.

Mearning of Ratlonal Number

The diagrams Fig. H. (2), (b)), (c¢), show a number iine on
. . - . 2 3
which we have located points ccrresponding to %, 5 B ete.
and a numcer line on which we have located points corresponding
1 2 3

e Py

R 3 1 2
co &, 3, T, etc. Also shown, is a number line with g B
etc. As we look at tnese lines, we see that it seems very

+« P
natura.s To

think of % 2s be'ng assoclated with the 0 point.

ly, so to speak, counting off O segments. Simi-

[
eems nabural to loecate 9 and g 2s 1ndicated.

wWe are

3
[

al
S

larly, it

(a)

o - >
s i 2 3 4 5
2 F3 T z z 2
— o o . - o - > (b)
=X i 2 3 4 3 ] 7 8
4 < ) 3 4 a < 3 3
> (¢)

g 1L =2 3 4 5 &8 7 3 9% 109 2 B K B E
8 8 ¢ 8 % 8 B » ® © T & ® ® ® ¥ 3

. — . — o 5 {d)
0 L 2 3
2 Z 2 2z
e X 2 3 hd s 4
g ) s 3 2 s kY
9 L 2 3 &4 3 6 7 8 3 10 i1 2
8 3 3 8 3 § ® ® & % 38 &8 @

Now let us put our dlagrams (a;, (b), (c) together. 1In
other words, let us carry out on a singie line (d) the process
for locating 211 the points.

When we do this, we see that %3 %, and % are all |
associated with the same point. In the same way, % and §
are assoclated with the same -2int.

>4
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New we are ready to exrlain rore preciseliy what we mean by
Traction and by rational number. ILec us agree tc call the
symbols we have been using fracticas. 4 “rac a
moc” assoclated with a pair of numters. The first number c?

palr is called the numerator and “he second numper i cal
1S

e S
tre dencminator, 3o far, we nave used only those “raction

0, 1, 2, ... ), and the dencminator is a cow nting number

r

Zach fractlion can be used Lo locate a volint on the number

¢ ezch point located by a fraction there cor responds a

rational number. Thus, a fraciion names the raztional number,
3
Fal

For example, 1f we are told the fraction 1o “e c& locate a
point that corresponds tc 1t on the number 1in f% is the

1

name of the raticnal number assceiated with this point. Tnis

voint, novever, can also e located by means of other r fractions,
.’

such as £L ané Thus, — and ii also are names for the
20 3 5 20 0
rational number named by 5% slince they are associated with the
A

same pcint. Ratlonal numbers, then, are named oy fractions of
the type we have been discussing. To ez ~ point on the number
line that can be located by a fracticn, there corresponds a non-
negative rational number.

A very unusual child might wonder whether every point on
the number line can be located by a fraction of the kind we have
described. We must answer “No". There are numbers--7 being
one of them and 2 being another--that have no Iraction names
of the sort we have described, Introducing such irrational

o

numbers is deferred until the sevenun and eighth grades,

The Whole Numbers As Ratiocnal Numbers

Cur pattern for matching fractions with points on the number
. . . . ; A . C 1 2 2
line can be used with these fractions: S f, ece.
) R S >
' H [ H
9 i 2 4 5 6
z -3 z z 3 z z
s 3 s s
3 3 3 3
ki T
BN <
)

65
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1 2
=

Cn the nurter line we see (Fig. I) that we matched =
) % 1T the same point. We note that this point is also ﬁa ched
with the counting numnber .. Thus, o the same point corresponds
(1) the counting number 1
(2) the rational number named by %.
It seems that 1t would be a convenience to use the symbel 1 as

. s . . . 1 2

ther name for the rational number named by L etc.
. . 2 T

¢ allow us to write 1 = 5 for example. 1In the same

way, we woulC think of 5 as znother name for the number nramed
Ty %, lO’ 2t

We reed at this point to be a little careful in our thinking.
There 1s notning illogical about using any sjmbol we llke as a
rumerzl A problem does arise, however, when a zingle symbol
nas two meanings, tecause then Qé are in obvious danger that

inconsistencles may result. For example, when we think of 2,
3, and & as counting numbers we are accustomed to writing

2 x 3 =7%. Ve will eventually define the product of two rational
mumbers, and we would be.in serious tro-mle if the product of the
rational numbers named by--2 and 3 were anything but the
rational number named by 6.

However. using 0, 1, 2, 3, etc., as names for rational
numbers never leads us Into any inconsistency. For all the
purposes of arithmetic--that 1s, for findirs sums, products,
etc.. and for comparing sizes, we get names for whole numbers or
names for ratlonal numbers. In more sopnisticated mathematical
terms, we can say that the set of rational numbe:=s contains a

) . . 1 : )
sur3et--those named by %, =, %, gLz, -=-1somorpnic o the set

of whole numbers, that is %, %, etc. behave Just like whole
numbers, 0, 1, etc.

It would be overambitilous to attempt to formulate the idea
of isomorphism precisely in our teaching. It 1s sufficient for
our purposes to regard 0, 1, 2, etc., as nares for rational
numbers. It is approprlate to note, however, in ccnnection with

7o L T U S T U
-3

rations 2
)y weaao WACIDC TOC CRloratTle

oS are &
. 2 . - -
to numbers llke %, T they lead to resu :©s already known frcm

experience with whole numbers.
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~Czatilring Fraction
3

Woen we Wy = =

S Trat Name The Same Rational Numper

[oh

[

. ul
, we are saying '3 an arz names

[¢3 [¥5)

square 1is

.2) Using phvsical models The trutn o the sentence
% = % can te discovered by concrete experience., In rg. &, Tor
examples, we have Iirst separated our unic region into two con-
gruent reglons. We have then separated eacn of these parss
furtner into 3 congruent regions as siown in the second arawing
™ S &

eparated intc 2 x 3, or

1 part in the _irst drawing is equivalent %o
cr 3 parts in the sszcond. ke thus recogniize

Again, our analysls of regicns follows 2 pattern that r~an
te applied on the number lirne. Let us consider % and é
G i
— - > >
i
z
Qe e e e )
- : >
8
- Fig. K
In Jocacing 5 ori the number 1line. (Fig. K) we separate the
]

unit interval

Tt 2 co
cong
into 2

segments into

ongruentc segmer.ts.
4+
v

ngruent segments. 1In locating %, we
rusnt segments. We can do this by
varts and then sepz-ating eazh of
4 segments. This process yi
Teking 1 eof 2

o the same -3in%t as taking & of 8 congruent

i1 1 x &
5 = =
z 2 X =&
=7
¥
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In ~iher wordr, when we muloiply the numerator and dencmi-
at v oo % oy tae same counting number, we can visualize the

re3ilt usin  the nunter line. Ve 1have subdivided our inter-

L
2
z into & number of congruent parts.

experiences, children should be able %o

xplain this type of relationsnip. For example,
2 D s
S ] < 2 N .
ne pictures for & = —5 are shown in

° 3 >
4
;
= 25
s
8
Fig L
}.terval) is subdivided into 2 con-
B z
't} Using numerators and denominators. In a discussion
arcut Two Iracticns naming the same number, it may appear
Juariling te empnasize mulbiplying numerator and denominator
L7 oTthne oJIzme ccounting numdber.  he usually fhink about finding
Tnz fimplest fractilon name if we can. We think, then, é = %.
=ut. oI cocurse =" means "names the same numver.” Seeing
== ? ¢ can thinx % = %, and this will be particularly easy
I Tnz Tnames the same number' ldea has been emphasized
ziizuatell
frother Tamiliar 1Zea 2°so is contained in what has been
cal..  J=ooUTInocaln avoult dividirz numerator and denominator
I7TOToT osit counting aumter.  For example, we think:
€ o<+ 2 3
ST +F 2T
il I7ogzly To lraznslate into a multiplicative statement, since
ani divis.on are inverse operations. 6 =2 = 3

)

U
(t

Yy

o



(¢ Using factoring. The idea that multiplying the numera-
tor and de ~minator o. a Jractloa bv a counting number gilves a
new fro:tion tr~t names the same number as the original ‘raction
1s an 1dea very well suited to the discussion in the unit on
factoring. ™ Tind a simpler name “or %%, we write
l2 _2x2x3_ 2x2 &
27 &2x3 - 5 75
Suppose we cre thirkins about two fractions. How will we
diclilde wnether or not they name the same number? There are tw.
oossibilizozs,
Rule {1). I% may be :hat for such “ractions as % and %,
"ne fractlion is obtained by multliplying the numerator and denomi
ator of .he other Ty a counting number. In other werds, it .aay
be thact we car oicture the fractions as was jus* zone. Since
T é}%%j%, % ~nd % belons to the same .e+--:hus name the
same rnamber
Rule (2;. It mey be that, e cannot use Rule 1 directly.
Tor example, % and % cannot be compared Clilrectly by Rule 1.
dowever, we an Juse Rule 1 to se Fthat % = % and % = %, ol
.. thls way. we see that % and % namz the same mber
.tlce that ! comparing % and %, we nmilgnt have use
Rrle 1 =@ 2 in a 3f ferert way. Ue might have recogr.ized
That:
2 _2x3_ 2 ang S_3x2_ ji'
- - % oo iz c c X e 12
or we mignht have said
=z 2 x £ o2 3z 3 X - 2
S &= T Tx-TE
In the laticr 2xample, we nave reraned ~§ and é, asing frac-
tions wilth deaominatos = x 5. O course, w:s recogrnize that
< x 5 =< x t, {Commutative Property)
In cur example, we see that 2L is a common dencminator
Sor % ané é, tnough 1t iIs not the least commun denor .natc
Nevertneless, one common Zenominator fer two actions is za.ways
the product of the twec dencminators.
>3
,
i 1
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times it

wWe could say: 1t

anc

O

numerators--2 X
are egual.

_LooTner «Worus,

Iy-=-0nce vou

is CTrue

CEDN

to test

tre same rational

as

whether

e s
¢ 1S

2x 6 =2x*t

In the same way,

Drocduct

S

S

cf tThe extremes. )

.

uLe

D
H

name the

[
»
B
o
4
'3

sam

Tnat is,

usec as a
acdvanced
like

belonz to the

an text might
b 2
{é’: 7_:7:

same sev

svymbols

¥ ileis

Wnzt we have done

more intuiti

is stated: ™

. And
we can

amounts

vely.

\I

Jaos

tnis

test whe

Tney do!

[@]
(@)

ether

When

last nurber

we d

~

C
s

et
thing,

Let us now consider a special
‘number.

the common denominator

d

test
In our

for

ES V)

resulfing

enominators

(Some-
the product

o'l
)
'3
X o
[@¥ e}

nematics
it 1s

is,
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It would certainl £ e our intentilon to insist %that

o)
children learn Ruies 1 2an

& & formally. However, these rules
summarire an experience that 1s appropriate for children. e
can focrm a c¢cnain of fracticons that name the same numbew,
12 = 8
2—':—’3—;75‘—..-.

Eacn frac. on is formed by multiplying the numerator and

one oy 2. We can visuallze this

tedly & segment or a region. (
e
I I, wit = < =
chain beginning with 5 ig - - -
t 1t i: possibvle to pick out any

N

a
In and eguate 1f with anv numeral from the

other, which 1s jJust what Rule 2 says.
Yeaning of Rational Number - Summary
Les vz summarize how far we have pr essed in our cevel-
cpment of the rational numbers
(1) v regard a symbol like cne of the following -3

<P e xn trat the same rational number may nave many
£ .3 -
names chat are fractions. aus, — and 5 are fractlion names
for the same nuter

Thne Iractlon by the same counting number to obtain a nel! frac-
tilon name Tor The same rational number.
'2)  We kXnow tTha®t in comparing twe . sional numders it is

ractlon names that have cne same denominaters.

that Jor any two rational numbers, we can always
names ol this sort.
Thuc Jar we have not siresrsd what Is often called, in
A
traditiconal language, 'relucing Iractions to “"reduce’ %,
Che -



for example, simply to name 1t with the name using the

is
1ble numbers for the numerator and the denominator.

Q2

snallest poss
Since 2 is

a factor both of & and &, we see that

3 x 2
L& X 2

.(;' (98]

oq o
|

We have applied our general idea that "mrltiplying numerator and
denoninator by the same counting number" gives a2 new name for
The same number. We can call % the simplest name for the
raticnzl number 1t names,.

W

We would say that we have found, i1n the simplest name
O - ) 2 >
- . . o
for the rational number named b . This 1s more precilse than
z g
saying we have "reduced” é, since we have not made the rational
"~

nunter named by é any smaller., Ve nave used another pair of
numbers to rename 1t.

(2) We know, also, that 2 and % name the same number.
We thus regard the set of whole numbers as a subset of the set
of rational numbers. Any number in this subset has a2 fraction
(%, %, %, etc. belong to this
1s 2 name for a rational number which is a whole
number. °  1is not a fraction name for this number, but the

. . 2 L
numper nas fraction names L ete.

name with dencminator 1.
subset 2

this point, 1t seems reasonable to use "number" for
ratlonal numbers where the meaning is clear. We may ask for
<he number cf Inches or measure of a2 stick, or the number of
hours in a school day.

. . 2

{7) e can agree %o ir ak of the ramber L to zavold the
3 i - 3 z M . . =
wordiness of "number named by §.’ Thus, we might say that the
1

y 2 . . o .
number = L1s greater than the nmumber 5 (zs we can verify
easily on the number line). This woulé be preferzble to saying
." because

- -

e . A ‘ 2 .
chat ''the fracticn 5 1s greater than the fraction
~

NI

we GC not mean that one nare is greater than another.

2 should not szay that & 1s the denominator of the

th
; 2, . ; . ; -
numter -, because the sare number has other names {like 6)
with diff'erent denominastors. 3 Is rather the derominator of
She fracticn i.
v

O
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3
for example, is
2 numeral lixe 1.7

1dea of adling

that the idea of rational nurber 1s
-0 reglons and line segments. Ve will see szcon
¢ cervwzin protlems involving sets,
1t infroduce some decimals. The numeral. .1,
another name for <=2 However we can

O
'3
w
ct
P
o
3
™
',_J
5
o’
13
'y
(&}

Ty -
NOW LlevT

us ccasider ¢

rational numbers.

aritrnmetic for

hased on

jo3S]

three conslderations:

(1) The idea of rational number grows out of ideas about
regions and the numdber lin2. 3imilarly, each operasion on
ratlonal numbers can be "visualized" in ferms £ recons or Tie
number line. Indeed, this is how pecople original.: - #4 the
ideas of sum, preduct, etc. of ratioral nurbers. . - . _. %“ion
was introduced to it a usefiJ physical situaticn . . -. 2s a
way of swoplying prorvlems for arithmetic Sexthe

(2) We recall that sore reticnal numbers & ... .umbers.
So, we want our rules ¢ operation to be consizt - - 1at we
already Xnow zbout whole numbers.

(3) We must rememcer that the same rational <. _ has many
names. We wWill want to Te sure That th2 result ¢ cperation
on two numbers deoes .10t depend on the spyecial nzme:s we chucse for
chem. For example, we want the sum of % and =, 2. tne same
numter 23 the sum of % and 3. -

Thesz tnree 77 o wWill ;"Z’e us in defi.inz th:e operations
ey additvlorn, subtracticn, multislication, and division of
ratlorszl numbers
AC 1LCY2m =nd Suntro.ction

i3 12 L ravtiov of =2adition, we migh%t trhink of a road
Zoownion stans Nouse, 2 1col and & store as snovm in Fig. M.
Ttttz & m T fror the .ouse Lo the schaccol, an? = mile

o3

=5
(YN
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2hocl o the store, then we can

see Istance frcm the house to
the stccre iz % mile.

From such examples we can see the
utllity of defining addition of rational nur s -

2 L - .
an we wWoull proceed as

g “il E} L3

(o7

number line. To finé the sum of

2 hon) —~ A
in Flgure .

2 i < h B
A RS £ >
[ A
e i
Using a ruler. ~e can locate the roint on the ru~-.<-~ .ine
correspondinz to the sum of any two raticral a. -"3. Fecr
e imple, vi1tr appropiiate ruwlers, z child - -~ l-cate the point
2 2 X f by &
chat corresy :ds to the sum of 3 and = L e ohilld would

su located with a

ot
:

«.80 llxe to know that the point for
+s one for which he can find 2 .z " .on name--a fraction
Tr.a% rames a “ativnal numoer. Of cow " , one name for the sum

s -+ 8’ but what 1is -~ .e single fraction that

cqm

this :umper? !‘so, ne 1s intecrested in knowing whether
G ae set of rational nwbers is closed uncer addition,

nows that chils .s true ..~ the whole numbers.

o

X
Uring Lie number line, 1%t 1s .. 2r% that the sum of
e 2, Tais suggests a way to Tind the sum of %wo
mcers that are n...ed by fr..: lons with the same

wwminain For sucu fractiors, we s Lly add the numerators.

% Tnils efinition matches the idea of
hal

2T w. o are nov finisn2dl 5. suppose that we want to add
; -' . - . -~ .
= 2nd St We Know that Cthere are many ciher nanes for the num-
car > . 3ome are




1
Likewlse, there are many names for the number named by . They

include:
2 3 L
g 12’ 1P

In order to find the sum of these two rational numbers we simply
look for a pair of names with the same denominator--that is,
with a cormon denominator. Having found them, we apply our
simple process of adding rumerators.

Thus we can write a fraction name for the sum of two
rational numbers 1 we can write fraction names with the same
denominators for the numbers. This we can always do, for to
fincd the common denominator of twec fractlons, we need only to
find the product of their denominators.

This provides a2 ~cod argument as to why

2 1 11
= 4 T T TR
3 L 12
—— 1 bl FIRS ) . 3 11 o N e
IT is clear thatl =% + == = ==. If the ideza that the same
1z 12 12
number has many names maxkes any sense at all, it £t be true
that
2.L_28 3
3 4712 7120
Suppose that in our example we had used a different common
denominator, as 2%. ‘Uoulé we get a different reswitc We see

2 2x8 16
-~ = = =
3 3 X 3 &
1_1x¢_ 6
~ T 4 xeoc T 2%
2 4 1 _ 22
3 & R
22 11
na ——— =
anda 5T 1?
Lttle nzecds be sald here about subtraction. Using the
- 3 2 - -
number iine wWe can visualize = - 7 as in Figure Z=.
3
Y i
o— o o Py >
< 2 >
4 1
< % ——>{n<——
g, T
oz
“‘1,.
e
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s the number n such that

=
|

Thus we can define 3
b :
% + n =% Again, skilif

<4

a
Wlly chosen names lead at once to the
solution:

1
b
|

n e 2
12 ° 12

n = ==
12

Additlon for Rational Numbers

Our rule for adding rational numbers has some by-products

We can see, Jor one thning, that addition of raiiznal num-

bers is commutatlive. Our number line diagram iliustrates this.
- . 1 2 + o~ 2 1
In Plg. O we see the dlagram for = + = and for =4 =
5
2 > ) 2

o , [
; 2 12
g5 — 3 5t3

v

c i

Tr.e corrmutative property also can be explailned in another

2y

1 2 1+ 2 . 2 1 2 2 1

= < o= o= = anld =+ = =5 —p—

2 D D -~ - o)

. e - A - . 1 2 -
we Know that 1 + 2 =2 + 1, so we seec that = - é = = = i. in
- > o) 2 >

generazl, to add rational numters ramed by fractions with the szme

denominater we sivply add numerators. Adding numerators involves

We Know that addition of whole numbers is

adding whole number
t

3
leads us to conclude that addition of rational

(¢}
O n
q
[
ct
o))
<t
|
)
@

o)
We can use this tyve of discussion or the number line

diagram tc see that addition of rational numbers 1s also asso-

“ere is another Interesting property of addlition of rational
. o] 0 0
numters. We recall that =, L etc. are all names for O.
3 S C+ 3 3 - q .
s 0+ S o= g + == — = %. in general we sez that the sum
of 0 and any rational numnber is the number.



Similarly we recall, for example, that
- >

fraction names for 2 and 3 respectively. Thus
2."}_2‘ _____
R W =TT°

ould expect (and ncpe).

wou
Adcition of raticnal numbers iz not diffizult to understand,

once tre ldea that the same rational n -ber has many different
fraction names has been well ¢stablished. The technigue of
computir- sums ¢ rational numbers written with fraction names
is in essence a matter of finding common denominators. This is
essentially the problem of the least cormon multiple and thus
is a problem about whole numbers.

Addition of Rational Numbers Using Other Numerals

ten 1t 1s convenient T¢ use numerals other than fractions
to find tne sum of two ratlonal numbers. Those commonly used
are mixed forms and decimals.

The first kind of numeral can be easily understood once

addltion has been explained. Ve can see with 1line segments that
2 + %
bl . b - M 7
1s a rational number, and it 1is also easy to see that ) is
5 -

e
: : ; 1 ~Z ;
anotner name for thils same number. Similarly, == = 3%. Indeed,

these ideas can be intrcduced before any formal mechanism for
0 raticnal numbers named by fractions has been developed,

X . ‘. . 1 - .

because the idea that 2 + 3= % goes back to the number line
5 - ot a - o 1

icdez ol sum. To adopt the convention of writing 2§ as an

avbreviaticn for 2 + % is then easy, and we may use a numeral

|
-

like 2% as a name for a raitional number. It is these we call
& numeral in mixed form.

e use of decimals is still another convention for naming
rational numbers. For example, 3.2 names a rztional ram T

other names I_r %this numnber are

A z ~ 2 ~1 16 32 320
> o+ T= Ss= S3= — - = .
- e 10’ 5’ -7 107 100
S
[
AN
’ ¢
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& 32 320 2

3f tThese == ==, and === are fraction names while —
“eses BT 100 100 : ar: 315
ané 3= are nmixed forms.

The methods for computing with declimals are direct cutcomes
their meaning. For example, to compute 3.+ « 1.7, we may

croceed as follows:

11 - 2
T I0 0 -7 IT

We want the child to develop a more =Iilicisnt short-cut
procedure for finding such a sum. Heowever, the understanding
orocedure can be carried back, as shown, to the xnowledge

he alreacy nas aboutv adding numbers with names in fraction or

o D[ind the productht o twe
rational numbers such as , ne nas alrcady nad a nuncer
of experiences in understanding arnc computing products of whole

numser

W

He has seen 3 x 2 1r terms of a

L] [~
rectangular array. He can recognize the
2 @ .
rransoment in WMo, 20 =2 howings S ° 3xz
a--a..b,, ..... v e S % xS S.‘On._;.b ~
groups of objects ~"th 2 oblecis in c . °
4
each group.
R Fig. Q
AlZ., ne has S X 2
in Terms of "Ine s.imc S

cf 3 C-lunit segments ' 34 2
— e e D e —o > 3X
murnirmere, ne has interprIsad
Fig. R
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in terms of travel along a line. 7
rows a boat 2 miles an hour across a lake,
can be related %o

Tnhus, a child

nas ssen that the cperation of multi- 3
plicatisn can be applied to many wnive

o)
ical models. He has related
1 sica

DLTS
severzl onysical si~:ations to ¢ single
numdel operation.

Tne "Rzctanzular Region' Medel

May we remind you th the 1dea of multi

at
was notv invented Zor the purpose of ing a
PUTT &

Instezd, peorle Tound some applications *n wh
2 .1 . 2 .
- ana = appreared and a2lso 5= appeared.
3 > 7 15
Flg. 7 we see a un

<the product of = and
~

;
= Is & meaningless symbo
-

anything we choose, Our ¢

<

plying

c
whole numbers. Hence

or example, if he

then in 3 hours

3x2
unit squares

e

2 units

Fig. S

% and

Ui

richmetic bocks.
icr. the numbers
or Instance, in

rectvzngles. Tne
2
o

[p]

O

ct

D

(1]

+

o

{0

]

0
-

= U

\D

1 unsil we

noice of —= Zor
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idenzifi

c
in finding the measure of 2 regio

v,

Tne "Number Line™ Mocel

ation of a fraction with

2 v :glon and the various steps
n.

The product of two whole numbers also can be visuzlized on

the number line. A few natural g

ratlional numbers can be made from

enerailzations to products of

these kinds of experiences.

Tor exarmple, if we can thini of 3 x 2 as illustrated by

Tigure U, (a), then it is natursl
situation pictured in Figure U, {
~

7
to ldentify 3 x = with the
b).

¥
)

—> 3x2

In the same way we can i ntifv

ST
i

Again, 17 a man waiks 4 mi

v

for example, 3 x

ST

IS

~

7.

=<'

miles 1s the distance he walks in 2 heours. (Figz. V) on-2

more 1t 1s alsc nasural to relate

travels--this time with nis dista

g
1 ,
x X 4 %itn a distance he
1 .
nce in 5 nour.

> >
' x4 3 .
X 4 FrG 2x¢<
rig.V
Suppose, now, that a turtle travels % mile in an hour.
", 9 s~ \
In 2 rours, it %travels 2 x 53 or z miles. We identify the
product = X % with the distance it travels in % of ar hour.
~ -~
/C



Flg. W diagrams the turtlel!s travels.

1 2 } 1 2

C ¥B 3*5 3 c*2x3  3=3xy - |
T2 . o >
The I P 2 hr 3hr hr

M
«
E 3

p . 1
Wz lccate % of & on ta2 number line by locating =
- s
custing the £ segmert irtc 3 congruent segments, and counting

off two of them, as in Tizure X.

o
i
[o]
-
”
[ul -
I

m
)
*%

More specifically, we first cut the ynit segmen< into 5 con-

gruent segments. Then each of these is cut irto 23 congruent

segments. We thus have 2 X 5 s¢ nents. UWe counted 2 x 1 of
. . z 1 < s

trhem. We see that T of = 1s assoclated with the point

2 x 1 2

P——

3 X 5

[oR

. L 2 ] . . . 2
We ned two numbers: T an %. when we talk about ? of
e =

'3
=

we are exp.ialning z situation in which we have a pair of
> . 1 2
< < 3 - - . - . .
numdbers (5 and F) assoclated with a trird (=), We have,
~ - -
in short, an operztion; 1t 1s natural %o see whether 4% is an

cperation 2 know. We find tha%t it is.
&

We 2lreacdy had &greed, using the rectangle mocdel, thzt

ey Vgt
2 1 2 % 1 2

o~ X = = _—— = 3.

3 5] S X 5 <

>
2
w2 can identify % of

Hence, we now 32e that % th T ox %.
<
Morecver, we notice tha% if we use the idea of ftravel on
the ru ber line (Fig. W) it 1is again ratural to ilZentily
2 L e 2 ~ 1
- = 2N > cx -,
<o > < )

O
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~
. in everyéay usage, of % ¢l 2 dcren cf eggs. Ve
~Zl 1% Tnls zs the resulu of separating a Tinite set of 12
#2072 lnTo D sutrets each with the same nurber of object. an
o ounlTlnt  Zzo ol the sutsets., The relation between this con-
DLT Cn. TiaT InvilvinT a2 1Z-lnch segment can be seen from
|
T2 2 . QQ0Q0020keQQ
2. p o -
$°7 < Fig v 3v.lc
SoComETloan uS2 such examples with very young children to
=2.Cw e Z=a of é Zut this is a 11%%le misleading, for
ool onoTe Tres % 2T 12 Is again a2 situation involving
Twe mamters, = oand 12, izadn we can verify that %- of 12
. moutel '; TindinT = X 12, ;
ST AT
SImoShe ztancnolint ol celining the operation of multipli.
oLl ~ Jcr rallional nunbers, it would be entirely wufficient to
SoZ Tre Lnterzretation However, t:acause products [ raticnal
amoer:oare used in many types of proble~ situations the child
JAToC oSl o rzoionlize thav the derinitiocan does £it the reeds of
= = car T J'zualizecd as:
‘1) o = area in sguare inches of a re-~tangle wi~
Sangth £ in. and width = in.
2, tnt length of a line segment formec by taking %
¢l a % ir zh segment.
2T o7 S rmaxmzer Llline model come many sroble t situations.
e .7 a car travels % mile per minute, it travels
= :r. £ .minute
vlreove.. S x 12 :an be interpreted in th2 ways noted and
= 2, w= . lavwl o0 [inlilte seTs. wWe use % X 12 wnere we
‘2T L JLnd the number of eggs in % of a dozen.

o
(W
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- . - - 1 3 3
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meaning for us.

new symbol 1in any way
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2 lLlST. Zivwever, cimply assigning To T+ ine Symbol  ——
UE oo Sreat Chis new symbol Immediately as if it
¢l the «ind with which we are familiar. For
ic 2 c
. 2 x . .
nove Mnow that = = x ~ = we cannot be certzin
—4 ind o ’ -
z . 101 2
. Too, Iu T T =5 we

e

without argument

chocl are uniikely
izly many numbers named by these new fractiocns.
3

o

familiar when using decimal names

=
L
in Zlvision ol rationzal numbers. In later years, they can find
s 1 A ~ .
20lusicns o osuch examples as 125 9% ¢f 120 by solving

1z2.2 o}
TN = T5A.
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Shallow top of sguare box may be used as frame. Cut out frac-
tlonal parts shown above 1n proportion Lo frame. Numeral below
each part indicates the number of that part to include. Let

children see 1n how many different ways they can cover the unit.

You mignt also have puzzles for (1) halves, thirds, sixths, and

twelfths and () hzlves, fifths, and tenths.
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M AT AT T T

TTACEINZ THE UNIT
v —— \
oY
A - /
Cciectives To reriew She meanin of and the use of ratlonel
numters.
o ot o S~—mn T mem T“OW maw-gcng‘, ,,.,w‘r\ey.c-.
- - TS aTN u.. Valwiod Lo, LUl o valllo Ll i vCa ol
Ral -~ - ~ — - . T ~ ~
Srzcticn, cdeclmal, and mixed Torm.
. T~ ~ 3 —~ = . = I - o e m e vy e s ~ 2 -
vaterlals: carés A-G parce Sz : coclorecd acelate; nwntsr _ines I,

cace 2T ; flannel board and mecdels ol

Jocatulary:

unlt and part of unit.

Jermcminator, numerator, regicn, 1inz
Suggested Teaching Procedure:
i . . - . ~
ﬁ Teachers snculd use only as much ol thls
;. section as is needel Dy the pupils In 118 class.
I< 15 intended to bring into focus those 1deas
associated with rational numbers which are used
Hoinm t eV nt of multiplicaction.
|
i
H Have ready materials such as the Cards A
tLrougn ¢ on page 8z. The shading of the
diagrams below shows how one might use trans-
parent materials to cover that part of thne
region. Each card represents a unit region.
The purpose of this development 1s to help iden-
n

ot D

tify that rational number which indicates th
rela<ionship between the part of the unit an
the Lnit. Use also paper p.ates and felt »i
on flannel board to represent circular regio

ané number Line I .o page ST,

g2

~
N
”

=
c
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. ) Continue These gussitions with the other

3 wig

L !
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Wny ac you say f%- of Card 7 1is snhaced? (The squaré
reglion 1s separatved Inte 10 cerngruent regions. Each of them
s f% >I che whole reglon. Three of these regions are shaded. )

f% 1s The measure cf the shacded part of Card 7.

The measure ol the reglon represented by Card 2 is 1.
The measure of the shaded reglon is %. Whit 1s the neasure of
tnz unshaded region? (5\

Tne measure oI the region represented by Card D is 1.
Wrat L1s the nmeasure of the unshaded region? (% “nat is the
measure oI the shaded rezionst (3}

Continue as needel.

ine segment. You may then wish to use

paper plates or models on the flannel board uo
represent other reglons such as circular regions,
triangular regions, etc., before representing a

line segment on the chalkboard.” Mark the seg-
ment to show five congruent parts. Let the
measure of the line segment be I. Then ask
for the measure of~the union of two of the con-
2
sruent segments; (z)

the union of four of the
- I
congruent segments.

(%) etc.

Observe other representations of rationai
numbers. You may wisn to ncte that conmonly we
use a ratlonal number to indicate the measure of
a line segment or of a region.

Summarlze these experiences by recording
the measures of the shaded reglons c¢f the cards
[ A~

or whatever materlials were used). They mignt
. 1. 1 2 3. 3 5
ey w T T T ov=y &
3 - o’ 5 10 <
G4
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Raticnal numbers may be used Jor the measure of

for the measures of a line segment. Thinxk of other uses for
racional numbers. Loox at the Tigures bel: .
AT
5//// R IA ’/C/‘Z} - -
Vol s sl - -
Gogr000l 107 044 > °
ST T A
AR A = 2
00000 : = g
L/l Z 4 ° > . o
¢ oz 3
‘ = - = =
2 2 2 2

The shaded region is two-thirds of the sqguare rezion. BAE
is two-thirds of AS. 7Twc-Shirds is the measure of CD.

Two-thirds may be represented by the numeral %, which 1s
called a fraction. Thne 3 below the bar indicates that both the
square region and AS have been separated into three parts of
2qual measure. The number 3 is called the denominator of the
fraction.

™ 2 &zbove the bar in §~ cells the number of thirds we

s

are using. There are 2 thirds shaded in the square region and

2 thirds used for AE. The nuwmber 2 is called the numerator

0: the fraction.
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1. Arswer the Iollowir: zuestions Tor each region above:
a. zntC now many parts l1s each separated?(A3) (84 [, ¢ (09)
o icw many parts are shaded? (A-2) (3—0) (¢-5)(5-3)
. IT tne measure ol each large sgquars vegion is 1, write
the Iractlon thet Indicrites the measure o the shaded
O S a7 2N 7 £ 2
rezicn. (A~ %) (2 %) (L-£) (0§
z. a. Wnhat Zo denominators you wrote 1"t:t)*"ese'“"' { oofla
T
wm,o-ﬂ* g,_’ ,‘;ZZJMMM Aﬁ&@%wﬂgzw
AASDC 4
z. Wahat dc o the ﬂune*'auo*"s 1"eor'esent'> ,(;a‘f./rwjb
WYMM m)&u. M ./".,tz{/(—o—n
S, For each figure above, write the fraction that indicates
. ~ . . s s : AN L
the measure o the unshaded region.{A- EUPR \/(C c) (D
a. Wnat dc the denominators you wrote for Exercise 3

representt (e mamdic £ c m?«.;:f,émﬁmz‘;,wl«.& b ks
0;444; S raie W-Alf

k. nat <o t*n *u:"er'auo*'s 1"e'.:w"e%en‘c'> (;@,_M‘Zn«. o
camad el d
: == 5— <+ = is shown in the shaded region of Figure 3.

Wrice similar mathematical sentences for the shaded

. - ! ) 2
o N A A _——
parts ol Filgures 4, C, and D. (A <t+3 =%,
ra 2 3 _ 5 e S S 22
- T FY ===, (D Ty S F/
N & & i 4 > 7
.
i

L
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D
A B
0 1 2 3 4 5
0 1 2 3 L 5 6 7 8 9 10
z z z z z z z z z 7
—_ 7)
a. Vnat fraction names the measure of AB? (T
b. What does the denom ngtor presen‘;° C—c@_mﬂk x%

c. at does the numerator r°present° f;cﬁ,,,wuﬂk 7!
Co'nywd.u.fmli LW A8 C—o-u-‘—u/)

d. —g— = —2- + —é— Write a mathematical sentence for your

answer to Exercise 5a. Is more than one sentence

possible? (~lee)
(Z = _S_,i)
N - 2 2
(2:%+%)
(z=%~%)

O

«Q
o

q
]

2O
L 2o

o S 2 2 b
— &
a. what fraction names the measure of lire segment CD? ('z)
b. what does the denominatpr represent;%a.mmﬁh a/
c. %— = }5 + %— Write a mathamatical sentence for your.

answer to Exercise 6a. (2+4=%),(%+%-%)

\()
(@8]

105
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[ = =
o 1 2
¢ 1 2 3 2 5 5 1 &
> > P > > 3 > P 3
_/ﬂ-
a. Wnat 1s the measure of EF?. E)

D. Wnat does the denominator represent?ﬂx£1/nunnélt 74
c. wha. does the numerator represent? Cuﬁbﬂnuu“j&t qZ
c«ngauAQbAﬁ;»AdI,aMZ;Af EF covrer)

d. Write a mathematical sentence about the neasure of Er.
L= )
(z~7=3)

w

In Flgures A - E, each figure represents a reglon whose

measure 1s 1. Cogy 2nd complete the chars.

"/‘n/z
0] | AN
‘,//aj. —_— ;f;,9~22 2T
7,%. 'y l17;
o > T3 AP AL CEEA] 7o s ,7;/
A Az, IR e 7757\
V.2177% [FYALNVIF IV |40y A A oA N
e N, 0.0 Ly rrss] NP = <)
/;1/15/1 ;;’////,1 YR A |
L 3 M_ ) Cedaal |
~ =
A B c D =

Numnpber of congruent Number of Parts Measure of Shaded
rarts Shaded Region

2
2 T

B | <) ® &
© &2

(%)

e
[

[P
o)
o
-

|
~ <+ 3
> 8 @) L (F e )
= - i 77 2
Z ‘z ) | & D)

O
\O

Y

I
o
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Draw simpla filgures to show segments or regions whose

s
measures are the numbers: %3 %, %, %.(5&ruu~;m1f4nn?J
a. What is the 2 called in these fractions:
%’ %’ f%’ 5% 7 ( smtrallse )
3

11, and 25 called in the

» S5

Tractlons? ('ﬂbﬂ,”w,4z;g)

Complete the sentences below, using the Figures of

Exercise 8.
3

a. The denominator of the I.action sh._:s that

Figure 3B in Exercise B has bezn separated nto

f4) congruent tarts.

z. Tne numeratcr ol the fract.on g shews trhat Tigure
nes {C) varts shaded.

c. Tne denominator of the fraction % shows that
Figure A has been sezzrated into (3) congruent
parts.

a. The dencrinator of the fraction % shows that
Figure D has been sepearated into (g congruent
carts.

rational numbers to answer these cuesiions.

what part of a week 1s:

a. 1 day (1%) . 5 days V%)

o. g <cdays ff%\ c. 7 days &%’fﬁf\

(@]

) o
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Wnat

part of one year 1is:

3
9 months (% or =)

& months (& ov %)

part of an hour is:

- s S
%5 minutes ( ct—;’—_)

i

30 minutes (3% ot 4 )
part of a pound 1is:
N . _L
<= ounces { 77 ot ,,_\
~ ,/5’ .
z cunces g St Iy
carc of a yard 1is:

i
1 foot (=3,
~ o o ’_‘;\
2 fee: (§)
cart of a Toot is:

cart of a day is:
4 A
£ hours (14 otz

c.

. A
€ montns (-5 o¢ L)
7 /0 S

10 months (< ox ¥)

= (5 k)
15 minutes ( 7o o+ %

: t 12 o)
10 mninutes ( g3 %t

12 ounces (57 ov &)

- - JERE I
15 ounces {7¢ -

3 feet (-5 o )

b oreet [ Few /g

L inches (%’ — -5’-)

i2 inches (-;-% ot !)

- - 1529 7\
,320 *eet(:—/;?o e z)

(€]

2 i
£ + 33¢ a’t")
30 eevT \/-_5—:-'/5’9 /&
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DIFFERENT NAMES FOR A NUMBER (RATIONAL NUMBER)

CcJectilves:

Materlials:

To revliew the idea that the same rational number

can be named by different

w

mixed forms {e.g. =,

-
> I

etc. are al

numerals for

fractions, decimels, and

15 12 1.50 1k
10° l-/; -'DO: -2

the same rational number. )

To provide further practice in determining other

rnames for a number when one c¢r more names are

already known.

~umber lines A, Z, C, D,

Suggested Teaching Procecure:

! Eak

lileren

fractions Icr the same number.

The mezsure of the ~<T. 'm. represented by ez

s 1.

shaded reglons?

Write
\’
1;8/

vou teli?

Asx 1f six unilt

them? {(They are congruent.)

(ves) T¢

write:

these

show in writling that

{See Iigures below; What is the measur

o 1
fractions on the chalkboard. (5’

L_2_23_=
2 T TETEBT
102

(The shaded reglon of

_i_
12

()
O
v
ct
h

’

0
%]
L

e
igure 1 1
2

1
¥ S NN
: 22 )6
N - L -X

square reglons are a.l czongruent. How can
What do you noti:e about the snaded regions of all of
Dc they have the same measure?

these measures are the same, we

p

-J
[q¢
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again.) VWnich

n which 1s = o¢f the unit
S

%
®

by b
'y

I

() .
ot

’,L

O

]

»

name measures?
other ways ¢f naming this number: (VY

many fractlons dvelong to tals sett
n

write other names for each ¢ tnes
Ve
“he sets ¢l names Ior you.
32T A= (&= &,
o
o .
i = [ —
D:?u::'_l—g, =

(]
O

Jas oA _ (g
e Léu 1%
N~ ~
2 10
~ e P Ly
32T 2 = "?, ==
-~ <

(@]
G

b

(S
)
YN

these as snown oy the &

_l

|
-

2
+

SN S S

!

HEE
|

N il

of them shows with dott

squars region® (Fig.
o

v
ional nurnter.) Are th
~ 20 1
1z’ o0° -0
than you can count.)

e numters. I will begin
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“ow did you decide what cther Ifractions to write in Set A

{I luoxed at = of Figure 2 and folded it intc smaller regions.

v oo L Cmen 2L 3_6

Since sach of the = reglons was separated into I, then I = g
s “

ﬂ nuestion tne children about the relatlon

i} °I Tractlons in each of the sets. Help to

H generalize thelr observations as suggested below.

.n . o s - e 10 .

I7 wou snew only the Traction = 1in Set C and could not

<~

Y0id paper or ma«e pictires, nhow could you find other names for
the number =7 [we could multiply both 10 and 16 by the

same numter.) Cculd thils same plan be used for fractions from

tre cther sets? (Ves) We could multiply the numerastor and
cenominator ¢l a fractlon by the same number. Lett!s try this.
Teazher and .illdren should fcllow a similar
orocedure until tne children generallze Iron
experience that the numerator and denominator of
a Traction may be multiplied by the same number

©0 J2ind a raction which names the same number.
Then ask 1 any whole number can be used. Polnt
out that tne numerator and denominator are never
multipiied by zero. Prepare number lines A-D

on. Page <¢O. Teachers should also construct a
number llne similar To the one below to show that |
dillerent ract 1S name the same rational num- ;

i ber.

s
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DIFFERENT NAMES FOR A NUMBEZR

Regions are measured in terms of a unit square region. We
may declde what unit square region we wish to use.

Let us use the unit square region shown in Figure 1. (We
may sometimes call 1t a unit square instead of a unlt square

region. You must remember, however, we mean unlt square region.)

V272 7,,777 7777, E 7777777 T 77T E T 77 "

v2s 70504 AN Y SRALD, . i
S A% s i |

Ve, 77,7, A A AIAL KXY, vz a2 |

Lol 20700 070007420,%,43 A A
v AN R A
C700/27,2,4 00000027, 01270,7, 2704 g//;f U0 2000

e Lile’ VI IPIIIIIN TIPS IV III P YIIIIIN Y775 77

Pigure 1 Figure 2 Flgure 3 Filgure &

The shaded region of Figure 1 has the measure 1. The
shaded region of Figure 2 has the measure 2 because 1t can
be exactly covered by 2 unlt squares. The shaded region of
Figure 2 has the measure % because 1t 1s one of the two
congruent parts of a unit square.

A region may have the measure 1 and nct have the same
shape as the unit square of Figure 1. The shaded region of

Figure % has measure 1. The unit square 1s sketched in with

[eh

otted 1lines to help you compare the shaded arca with a unit

sguare.

b
(@]
[¢]

O
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| | |
I |
000 T T

7

—— e

P 71 7
2004555 A PN A
T8 T YA
T30 G Y0
A 3 C

Tne unit sguare regions above are all the same size and
shape. The measure of each is one.

Zacn region 1s separated intc smaller congruent regions.
One-half of Reglon A 1s shaded. Two-fourths of Region B
1s shaded. Three-sixths of Region C 1s c¢haded. The three
shaded reglons are the same size and shape. Their measures are

equal.

FETN

.3 - ;
» T, and x are all names for the same

o

The fractilons
rational number.

There are many other names for %, They may bpe found by
drawlng dlagrams lixe A, B, and C. They may also be found by

multiplying the numerator and denominator of the fraction by

the same number.

I

L number nas morz names than you can count. Some otner names

£for one-~naif are:

L_2_3_:z_.32_%5 _ 7. _ 1%
2T ¢ 37107 2T L7 200’
- N7
-\
17~
*"\\}
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Exercise Set Z
The shaded regions in A, B, and suggest other names ifor
1: Jyrite these names Write 3 ther m Tor 1 S &
5 “I'1C cnes names., rite 1.lve QoTner names IO0r '2—. /—5,-/—;)
7% 7 e

A R AT s -

7/ 000

% 045077777

Y/ RN 7Y A

Ve S | !

) | |

V2202 | |

A B c

~

number line below suggests different names for raticnal

[SIIA TN N

no

. 0 1 2 . 3
nunoers -, -3-, =, anc =.
~ ~ ~
N
4
A d o
. . -
: 2 3
~ i )
- A~ - . _ -
= z < z z °
] C o] o) IS 5
- ~ - - ~ —_ e} - . -
= < 2 - 2 C < < ~C 1 12
Eral -~ = —= — — ~—
Z .z < le T2 12 = e e Lz Lz iz

o

o

(@]

(@3

[¢U

vWirite the names suggested on the number line for %u(%
< /

. . . 2

write three otner names for 3-

On the number line above, other names for 1 are

wrlte these nazmes, and three others.

3oL 2y (&£ 2
-3‘} ;/:)/ 4, {'/7,*‘*‘-)

— . 1 . .
There 1s no other name for = shown on the number

- a

line. Writs one other name you know for i?u <;;)

I7 the numnber line were extended to the point %, what
- g =)

otner names would you write Zor T ° 77/7f/

b
(@]
Q

v
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es below.
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tc show
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figures
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2
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s
shaded reg

Draw

3.

e

o on ab G
a
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e N ﬂ;m.,/./l// (M
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NN 10k
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AN NN
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4  that

"

th denominato

numnober

"

or

o
the

were extended to

names
names
line

-
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>

othe
betwe
ober

S
n

e
way
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the
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write
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a.
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e. If you wrote % on tne number line 1n the row of

fourths, between which two fractions wouid it be placed®
(z,%)

£, IT you wrote a fraction for a number halfwzy between

& 7 . /3
- 9 3 «
3 and g wnat would it be? A

€. Relow are sets of names for rumbers.
Set s 11 ?_ 3 ;3_ g .2_0 i -.l‘l;-
AT 2 T T T Toe 1o oT
. _ /13 3 2 3 & 11 & '
Set B = [3@', 7) '5'; 9; 'l—o; BT; E’J _l%')
a. Wnat fractions in Set A .are other names for % ?
%=, 2 5)
D. wWnat fractions in fet 3B are other names for = ¢

3+ 3 & s
¥,0,79, 72,108

~1
3

wnich of the following rational :-uibers are the same as

whole numbers?

(Z=¢) (2=9) (3T=3

8.  Write the names cof whole numbers between % and %.ﬂ,i,%4
S. Replace n with a numeral to make the statements below Srue.
a. % = % ) f. %% = % (7)
b, -2 (2 g. 3=2 (3
. 2.18 R o122 @
S A Y I 1. 132 (0
= §-3 o F-F e

210

121




P<C
10. wnlch number 13 greate.”
] /0N 7 2 /7N
— bad L ~1 — ! ——
&z °f o7 ow/ ¢ 3 v T G
3 - - 15 2 ;-
. ) . < 3 -2 o) (,r.s \
. -— T l_2 e, = or -_— g
© T T = 16 T4
1 . 3 1 ,
o = = /= 2 = rN
C. or = T f. 8‘ or T ; /
11. Mark each statement Ctrue or ralse.
-~ a2 z
[ 1 _ 7 7=\ o 18 /5 . 72 _ o]
_//c.'.. "2——'1-:- ~\/e. T =3C \r)_“ ﬁ—g
/:\/.O i_ 1 /e e g_ _ _a'_ Y g 88 o
\TEe 3T SO e 2@t
™ e 2 18 Y 20 (T) . 2% &
SR - T/ 8 T %g PRS-
reN A i = =\ 2 2z \ 15
\FSce TeEg TR 3 =33 O
12. Complese, using T, "M, or "=" in each blank.
(Recall that ">" nmeans "i$ greater than’ and "<" means
"ts less than.")
S NG : 3 />y &
a. 5 . > - e. - '\>/ 5]
s sy 7 ~ (<) €9
S. - . j . J -
N _<_; 3 5 10
NSy 2- A1 — 10
~ > ; = . ~ -
c. 2 __ >: 1o g. J's‘ < N
~ ~1 =y 15 2 ) L
. -,E / %5 . '3' L< il
1i3. write ractions that nake true statements.
12 3 & ) ‘e (2 £ 4)
x =T === \ ¥ = 70/ = \/1) = U/ = ‘\//6‘ = (ﬁ
-~ ~ ~ N 15N ¢\ — \ g
1 2 3 [ $ ) a2 (7 [ _,)
i— = -:)— = :‘r = /‘a—'} = S/ = Cé/ = '7) = é/f/ = (q
oo 12 _ [e) &1y
= = —T:,_ = Tf)’// = NE-T i
- - ¢ fe /1o PER [
- = - = E L = —’/?-— ! = '\-//..‘) = —7) = /\—3/ <

ERIC
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PN :niich of the followlng fractions are other names or =
c & 8 & 53 18 9 /i ¢ .o
¢’ 1z 12 o’ 157 L5 (1ﬂ e
= snich o the Tollcwing fractions are nct names for f% ?
> B > > > —_ -—_ !
3 - 1 357 B BT ( 3, r, 3/
oo, Arrange in order from least to greatest.

[u.]

1 7 5 =1 .,
oo T B T EE

5 - g 76 . 17 32 32N\
a. T or =¥ kj) c. T °F 3 (1{7
: 2 8 g g 11 /oy
z. = or /30 e. r = [U
T ST T w T ° N (‘?’/
1 15 7 P 2 11 /
- = - =2 [ = r = r 1
T %7 18/ oF T ()
i3 2 may be thought of as £.2.% oras "three #is"
= 57575 A1
2 1 6
as = + = Or as =—.
> 5 10
= may be thought of as L + & or 9 x 5 or as
T ey 798 SRV - 2 - 2 =

3.7 may be thought of as 3 - 0.7 or as 2.3 + 1.5,

write three other names for each of these numbers:

a3 b. £ c. 2.5

(Ooaosnee il proney)

ERIC
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Name the greater number of eacnh palr. See aiso 12a, 12b.
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sequence of experlences so that pupils can
cbserve that all raticnal ..umbers greater than
cne can be named using a numeral for a whole
nunber and a fractlon. (This is what we call

a nmixed form. You probably know 1t better by a
mixed number.)

Fraction to Mixed Form.

Then, snow wnat computaticn procedures may
te used to go from a fracticn name to a mixed
form name

15 12 3
e.g. =L+ %
Show that we name the 15 as a sum of the
largest mulitiple of ~, egual O or iess han
15, plus that shich 1s Meft over.™
113
Y
~

[ TS review the idea that a rationzl numier may O
named by a mixed form as well as by a fraction;
I S 5
that is, 2? andé % S0Th name the same numoer
3 = 5
(We 2all 2% a mixed form and we call = a
= (a8
Zraction. )
lary: VMixed form, simplest lorm, simpiest mixed form
Teaching Procedure:
fa) Usinz phvsical models.

[agte
numoer
obocard e |

1
on number line that is associavted with %A A1s0
see that using unit segments, oI 1, that you

- 1
can alisc name this 3.

Vou may wish to consider the segment of the |
nunber line between 1 and 2. Note how you |
can use Iractions and then mixed forms.

If circular reglons are used, then snhow for

. G A . .
example now < can be arranged to form Two unit
regions and a % unic.

(b) Using numerals.
Name rational numbers by fractions. Plan
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It 5 & "en necessary or desiratle O raname

2 numter named Dy a Sractlion 3, a grezater

o} ) -
. 5 <A —- - o] z
charn (. in mived Jorm. For exampies, ¢ = 13
or 1x. The numeral 1% 1s called the simpless
mixel Jcrm Ior thls number.

Tne development ol a method for renaming a
nuncer In nixed Tcrm 1s based on the mathematlczal
senterce used Jor recording the result ¢l divi-
sicn o whole numbers presented in Crade 3,
Crapter . wWnen 237 1s cdivided by 35, the
guctient 1s 351 and the remalinder is 2. 3¢
257 = {5 x 31} + 2. 1If your students nave
learned tc Zivicde ancé checr by ftraditional
metrods and are not familic. with this way of
recording the relation, they can te intrcduced
To 1t by recalling the method they have learned.

Crhecii: s
3
2o2
-2
e
ez
The division is correct 1f 257 = /5 x 31) 4+ 2.

This type of mathematical sentence 1is
descrived by the form 237 = (5 x n) + r. Since
The remaincder shouwid be less than the divisor,
1T is reguired that » ©be less than 3.




bl ~
It is easy tc zes that ¥ and <« are names

is a mixed orm for tihvil:z

~ - - ) -
A= - Py Z c L
= = 72 - = = — -
- - - s i
~ 4 -
[ - ~
= - 4+ >~ = 2 - =
T T <
~ . - N
& K ‘- - ~=
= = - - = -_—
1 X ~ -~ -
g8 1
= T+ T
~ ~
~ - ~
= - =<

-2 5 13 5
.‘.OW = = 1 T
- 4 -2
18 x 13 3
= = - =
1 x 13 is
234 5
= === 4 T
13 13

-
Consider the number :B—u “ow can 1t be y»ritten iIn mixed

8 b

form? You know that z 1.

} -
\l
iz
@
3
}-
(o)
()
)
\I
&~
[}
N
4
-
N
[0.0)

I

I
}
I\

I

4
¢

]

Recall thz: a2 fraction is in simplest form when the numerator

and dernominator have no common factor, except 1. In the simplest
mixed form for a2 rational number, the fraction ic . simplest

form and names & number less than 1. Is either =ixed fcrm

21

12
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ADDITIO

"
LI SR

R RSP - =
icing <he union of region

ek, vl

ing fractions, decimals a..2 mixed Zorms.

S
ese Jigures wnhich are separated intc congruent

of each is

Lok - - By
e oS wn

~ e

cf =ach figure is shad

NOALCD 3NCW

hzve been separated

Fig. 8 Fig.9

Fig. 10

Fig. 12

c S be the shaded part
8 =as i = ~, the shaded part of
z I B

3 _ 1 8 .
&8 = = = 4+ =, 2L’

o - 1?2

- LT

slew additicn and suttraction of raticnal num-
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ng rational numbers.

.- - - ooax .a
we can tise these flgur

es Tc Tind the surn cf twe raticnal
numters. Find these sums:
. . =
T3 T {e¢) = - ==n
~ / 4 1
- ot ~z o<
- z 2 - sy e -
=) T= 7 T = 0 \&) z+g==o
iz _C C °
P - . X z 1 3 — 2 A
. Flzure 7 shcws that =+ ¢+ ==, Figire 1C shcws that
- - -~ had - hd - -~
bl - o ) = ¢ b}
~ . - ~ TR e 57 bolo e -3 4o - s _ = L myyv
TS = < 1B -ibw.g .’._.3 SA.iv«S cnav 17 -—42- =35 = 7 Tilgure
12 shows that T - g=%=35)
D1& you neel these figures

to find the sum of these numters?
S

[No. They were ramed by Iractions with the szme denominators.)
u

wnatv orocecure do you use to add two numbers with the same

denominator? [To £ind the numerator of the fractlon name of the

sum add the numerators of thne fractions. The denominator of the
fraction name of the sum is the dencminator of the fractions.)
Some numbers which we wish to acdé are ot named by fractions

e
-

n the samne denominator. Look 2t these

The numbers in the exer.ises below are those
whose sums can be read from the figures, I

- - 3 - .I .
children recognize that 5 =T ©°F % they

the same time the <eacher may point out <hat

these numbers are being used to find a methcd
for the addition of any rational numbers.

|
I
|
| should not be discouraged by the teacher. At
|

oo

1 - 1 3 1 1
(9) T I =T n (-) TtgE="n (8) z+zg=1n

After expressing this sum < two nurbers,
chlléren may find it easler to use vertical form
to compute sum.

~ -

To add two numbers named by I:2ctions with different denomi-
nators, you can first name them Ly fractions with the same
denominator. How can you rename % and %% in Exegcise (e)

So they have the same denominator? (Rename % as =x.) Wnat

L 16
is the sum? (TB + f% = %%)

Repeat qﬁestions for Exercise (f) and

8

-
b2



The renaming and addition 1s sometimes written like %his:

’ AY B L o 3 z A 2 2
{a = - {0 = - = (=) = = £
V<) T T 3¢ v~/ TS Ip 5/ T =T
s 2 3§ 12
_— = T v:‘— -— = -
~C ic o) 12 - ~

e C
=3 = 3
ic 12 I

write only what you need. Some of you mey nct even need
)
£o writ 5" You may Just think 1t.
In Exercise (e} and (f) the sums should be expreszed in

d
el
simpler form. Give trhe simpler names. %% = %; %% = %)
These sums may also be found by use cf !
lgures 9, 12, and 7. The children mzy need '

11
|-
“ further review.

(c) Subtracting rational numbers.

Looking at Plgures 7 through 12 again, can you f£ind the
urknown addend 1n these subtractlion examples:

(h) T=g+a (1) §=F+n (I F=gpen

2
(From Fig. 7, + -

B3

+4

e

. From Fig. 8, g-- %: % From

" I
5 1 4
= 13 e - =
Flg. 11, 15 - 13 = 13)-
Do you need to use the figures to ind the unknown addend
f these numters? No. It 1s easy to subtract them because the

o
fractions have the same denominator. We subtract the numerators.)
What 1s the denominator of the fraction name of the unknown num-
bers which are subtracted.)

How are these aumbers subtracted?

) > _ 1 ‘ 3 _5 3 1
/;{) %:E-rn 1\1) -’:=%+n (m) E=-6—;—n

(They can be renamed so the fractions have the same der-minator.)
g

How will you rename % and + %o subtract them? (Rename %
2s 2. Ten g - 3 = i)-
o} o} 3 3 6
How wlll you subtract in Exercise (1)? (Rename T 28 3

6§ _5_ 1y
B-E=8

119
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and

4e

some<

Sow will you subtract in Exercise (m)? {Rename
] 2 ol z 7
= as =, =& - =S = =% )
[ 12+ I2 - 127 1z’
The form of recording your renaming and the subtraction
imes writter iike <This:
) 2.2 R =) 2.2
b ! /2T 8 AL T 12
t._2 2,_5 L. 2
S~ 3 ] T T 12
3 i el
o) S 12
d) Sumary.

e

t{o

The children may need further revilew.

Have the children summarize the metrhod of
adding and subtracting ratlonal numbers:

fa) to add rational rnumbers name them by
fractions that have the same denominator; add
the numerators to “ind the numerator of the
fraction name of thne sum; the denominator of the
sum 1s the denominator of the ractlons for the
sumbers added.

(b) to subtract rational numbers name them
by fractions of the same denominator; subtract
the numerators to find the numerator of the
fraction name ¢f the unknown addend; the denomi-
nator of the unknown addend 1s the denominator
of the fractions for the numbers subtracted.

Tne review includes the addition and sub-
traction of numbers written in mixed form,

e.g., 4%-+ 2% and 4% - 2%. It may be neces-
sary to use class time for review of these
Drocesses.

120
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ADTING AND SUBTRACTING PATIONAL NUMBERS
Recall that 1t 1s easy to add or subtrzz< -wo rationel

numeers 1 they are named by fractions wit: the same denominator.

2 1 2 + 1 2
_- e = ——— =

575 5 g
4 2 4.2 2
ITITTTE T

ojw
i
o\
]
Q{\'
i
ajon
]
12N

To add or subtract ratlon2l numbers named b Zrazctions with the
same denominaztor, we add or subtract the numerators to find the
numerator of the result. The denominator of the resuit 1s the
same as the denominator of the two originzl fractions.

If the denominators of the two fractiorn names are nct the
same, one cr both raticnal numbers are renamed so the fraciions

have the same denominator.

Add:
If = i3 5%
Subtract:

g -

K
o
of

roj
1]
o qu = ogwn
)
o
fl
-
o
]
)
o
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Exercise Set <=

CST T 777 ! AT
XA 4 ZZ%@M(&% A
7% % i 7.
0 Y T | Garg
z‘éﬁJ Y 77 1 ‘ Vﬁﬂf+
0 72 [ AV
A 3 C 5 S
¥ F - - - P 1 l 2
Figure A pictures the addltion fact ¥ 5=x= 1.

What addition facts are suggested by the shaded and

unshaded regions of ?igures( B? ?g D? and E?

2 ,L-3-)) [p-3_ L-4. _z 2.\ (p_5. 1L -6
(6-%+5=3=1) L-2+5:%)(0-F+F-F:0(-2-%:&:1)
¥4 » 1 3 _C=l _ l=_‘2'_
Figure B also shows that 1 T=% and 1 T=7
what subtraction facts are suggested by the shaded and

unshaded regions of Figure A? Tigure (2 Figure D?

| ~ N , .5
B O AP A

(e-1-£-¢)
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n)

I I i !
| § i ! I : : E
—— ‘ |
1 B L] l o
i b i ! !
————— ’ oo } ]
! : I i '
I R | L
A 3 c D
Cnoose one of the rectangular regions A, B, C, or D to
find the sums of the rumbers in the chart below.
Numbers Rectanguler reglon Used Sum
1 3
a. 5 and g =2 %
. 1 N\ 7
|z (8) (%)
1 : 1 /5
c. and ( > { —=
z 3 A e/
i
d. %7 and ':'L: | N (—3'>
- i oy “

123
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(1)

[P

Recall what is meant by the '

countlng number. Complete:

rackion| T Sibaon S TER I ey
Derominator Numerator Factor
a| g 2x2x2 2x3 2 %
s &, s (222) : (2 | (%)
ol B (2x2s3) | (3x3) 09 F
el 21 (z2e252) (211 ) | %)
ol & | (2x2¢3) | (2<2x2) | (4) | (2
s B (2x2x252) | (2x7) (2) (+
sl B (203 1 (ex3x3) | (0 | @
n 2 (2% 3) (3x3) (3) (5‘5“5
2l (aa3) (2«9 | ) | (B
Sl omr | (3009x3) | (3x3x3:2) | (20) | (D) |

Jename each palr ol numbers below so the fractions have

he came denominatcr. Use ..ie sr.2llest denominator

yegible, ~
1 2/3 4 2 38 A 3 'S 16
- = and 3(6)5/\' c. T and r(iz)\z e, — and ZO)E—O—
.5 3(5.3y ., 1 7(5 7 2 3fi0 9
c g and 7‘,—(8- g/ 2. = and 10 0)1(;>P '5 and ?(I—g;l—s—
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EXpress in simplest form:

P

.. £/ .. L% 12 (1)
" 3 \%/ S -ANEY & T\
. 14,2 10/2 Sk
°- 3% <'?/ e E(’a‘ R iy (2 3\/
15 (5 . 7 11 (2%
c. —3’-((/ 7(1> 1. 3+=(2%
Pind the sum of each pair of numbers and express it in its
3impiest form:
.3/, 5 ~ 3 L it
a. % and 3 (\ [‘g‘// e, % and % < 5__o>
) Q L
b. 155 and %—(i,}j) g ¢ and 6 <78>
1 N . i 3.
c. 25 and 3 (‘ E/,‘ n. 7%— and 25.- \/\\O no>
L2 3 {493 2 4
d. 133 and 34—;&4‘8\—5 1. § ana %(“q
e. 125 anc 2 (0% . % and S5(i0t
. = 5\ 0 Je ‘15 T c
Find n Express n 1n its simplest form.
3 170N _ 3/ 8N 2 ey
a. n=t~§'k4> e n—ll2—t.\6/ h. n—9§-3‘ﬁ*
/ (s )
. 371N a .22 1/, 4 i 2
5. n=g'"8'(_?> o n‘i7§"12€\32>i' n‘871"
- ; (25
c. n=1- 5—(5;} g n =138 - 11<2—g- . n- T%,';
40 m= il L) L 5>
- ¢= '3' T TVIR
125

<y



Find the numbers n, p, w, and so on. Express the numbters

in simplest Zorm.

a. ®+1 -%—:n(h:zl-)

[
w
]
'_l
o
.{
o
|
)
[
3
1
N

b %;i-,%'-l=p(p=0> e, 9g-+-f66~-%-=x(4_=q"z
c ?];-1-%‘--%= W(W:% g. 26%—+ 23%— l2%—=y<;:=3?2'€)
a 2-%+%—=s(5;[2’7> h. 45%-19%-26515=z(2=0>

126
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ING PARENTHESES

ObJjective: To learn how parentheses are useful in helping us

wrilte what we mean.

Vocabulary: Parentheses.

Suczested Teaching Procedure:
=

Although your puplls may be faml with
~2e use of parentheses, these pages a“e fo“ use
If needed at this time. r, you may wish to

se them to re-. phasize the use of pa“e“uheses.

This lesson can be motivated oy wrlting
veral mathematlcal sentences on the chalkboard,
ch as,

[

e
154

w (/l

ané ask puplls to find n for each sentence,
{Hope you have different answers.,
Then write agaln,

(2 x %)+ 3
3 -(5+ 1) =n, ete.

and ask that they find n for each sentence.
fYow, hope there is agreement. )
Tnen ask what made the difference?
Emphaslze the use of parentheses expressing
the name of a number using addition, subtraction,
multiplication, division, etc. That is (3 + 2)

for 3, (8 x2) for 16, ete.

Summarize thls discussion by using the
sxploration in pupil text before pupils do the
Zxer-~Lse SeT 3.

bt

n>

Fran
<O
Cr
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USING PARENTHESES

Very early in your study of mathematics you learned that
2 number can have many names. 7 + 1, 2 x 4, 1& - 6, and
16 + 2 are all other names for 8.

Did you reallze, however, that 211 of the different names
for a2 number must be names for just that one number?

x

Fcr what numder is € + 3 x 4 another name? Is the
number 3€ or 18 °
Tc remove any coubt about what cne number 6+ 3 x &
names, very heipful symbols called parentheses are used.
Notice that (6 -+ 3) x 4 ané 6 + (3 x &) represent two
édifferent numbers.

i

(6 +3) x Lt =0xbt=36

(@)
-
w
X
Z
1}

6 + 12 = 18
The use of parentheses is very helpful in writing correctly

the mathematical sentences for story probliems.

1. #hich o the fcollowing pairs of numerals name “he same
(/ \
mmber? (@,
a (3+2)+5 and 3 - {2 - 5)
b, (1€ + 8y -2 and 21& =+ (8 = 2)
. (13 -3} -2 anéd 15- /2 -2
¢, 2x {¥+3) and (2 x %) +5
3 1 2, 3 e -
e. T - (§ + ) and (:r - §‘.' + T
2. Place parentheses In the following sc that
¢ A a / A
a. 2x3+ 1 =28 c. Ex 3 -12 =17
/ \ / - '
~ Iy D4 / 2
> 2 -4 X 3= 1= c. 12 -~ 1I'x 2 = 22
/ . !
_eo

bt
O
C-
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3. Write in numerals, using parentheses.

13
a. Subtract the sum of 2%, 3, ana 3 from 10.{35

b. Divide the product of 32 and 67 by 16. (134
c. Add 5 x 8 to the product of 4 and 7. (63)

d. Divide 2750 by 5 and multliply the result by 3.065@

Exercise Set 6

Read each problem carefuliy. Then write the reliationships in

the problem as a mathematlical sentence. Solve, and write the

answer in a complete sentence.

1. Sue and Tom are twins. Sue 1s 46% inches tall. Tom 1s

148% inches tall. How much taller is Tom than Sue?
<4rg%+n-‘“18é Tom s \%’ inches '~La”er,>
2. Mary walks % of a mile to school. Jane walks % of a
+

3. In ¥rs. Hardgrovet!s class % of the class goes home for
Junch and % of the class eats 1n the cafeterla. The
other boys and girls eat bag lunches in the reccmi. What

part of the class eats in the room?
<‘15’ +31-+p = | Z of the c(ass 63‘{’5 th H'\C Y"°3m>

15
4. EHalefs reenzl shop had a " off the original price”

sale. what part of the original price did each record

4 _ 1. 3 : .
cost? <§[—-’4 =S chor(‘)s Qo&’\’ _‘T +he 0\—|31n3) P?lCc)

\n

Pegzy mide 2 two piece playsult for herself. The pattern

required % yards material for the blouse and l% yards

for the skirt. How much materlal was required for the

r 2 - / o +
playsutte (7 + (27w The Pfajsum' reqe ic 0% b/c’.)

I.ng
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For lunch, Ted ate T of a peanut butter sandwich and 5

of a Jam sandwlch. How many sandwiches did Ted eat for

t
1unch?<%‘+é’: g -Tké afﬁ I# Sahécu:ches For luncA>

.‘:i [ o

of the student body of Caks Junior High School attended
ward Elementary School. g- of the student body attended
Morgan Elementary School. What part of the student body

attended elementary schco‘s other than those mentioned+s

[ - _'_ ..5.)_ s -é— o-— +he sluécn+ Boéu Mended other S(‘.Ltoo{ >

Mrs, Green used % of a dozen eggs in a cake and % of

a2 dozen eggs in a salad Zressing. What part of a dozen

s did she have left< 7 ] £+T\
gfl-(q'—\) Y Mrs Green neé 1z (Joz.:.m 3335 e )

3cb had a2 piece of balsa wood one foot long. He cut off
two pleces % and % foot long for the model ne was

making How many 1nche: ong was the plece he had left®
\ H iy
<!_ \_Z —>-V -o\" \’Iacl a DlC"C Z\hc\\s ;cnc\ \e,'f‘.)
£

N ~

3
Janet filied % of her stamp book wlth fmerican stamps and

% of the ook wlth stamps from other countrizs. What part

of the book was nou filled? ; r‘{[ E\
<"(%*§a:*’ fz of the book was not ed )

If you attend school § months of the year, what part of

the year ar: vou not in school? \
/ [ A
{l-sz: n You are net in SQAm/4— cr The yeer.,
Alice welghed 69% pcunds at the end of June and 71%

vounds at the end of July. She gained % pound in August.

How much did Alice gain in July eand August together?
2 l ; J !
\(7:’3—6cf§;’ ""Z—: 3 Hlice Gainec 2,/1 Dcur‘c,g\

<



DECIMAL MNAMES FOR RATIONAL NUM3ERS

Ocjectives: To recall the decimal system of notation, including
its application in naming rational numbers.

-0 name measures of reglons which are parts of unit
square reglons, using decimals.
To Tind fractions and decimals which are names for
the same rational number,

Materials: Pocket chart and cards for place value, Page 38

s

M-%, Pages §3-8+; numbver line J, Page k6.

Jocabulary: Decimal, place value, digit, the fraction forn.

ed Teaching Procedure:

I necessary, review the decimal place-
value system of notation.

Use Cards M, N, and O, and as¥ the pupils
to inGicate by decimals the measures of the

: reglons. Use Card P, and suggest that

‘ aded squares can be rearranged to fill one
D column tenth), with five more squares (hun-

}‘ éredtns). Relate this new arrangement to the
decimal 0.15 = 0.1 + 0.05. Continue with Cards
=, S, 7, U, and V.

Number line J can be used to locate points
name¢ by decimal nurerals, 0.5, 1.2, and so on.
VYou may wish to draw on the board a number line
with a scale of tenths labeled with decimals.
Then consider placing a point to be labeled
0.01, and label the tenths scale in nhundredths,
ROt .20, etec. Then locate points for
! 0.32 1.38, and the like.

; Tne nunbar line can be of assistance tc the
i puplls 1in ordering rational numbers named by
decimals. Locating points for pairs of numbers,
5 and 0.14, for example, helps them to de-
de which of the two 1s the greater number

i Note the use of a term which may not be

. familiar-.-the fractlon form of a decimal.

A rational number has many decimal names
and many fraction names; for example, the num-
ver 0.25 = 995 = 2= 1 = 2% = 0.250 = 0.2500,

- 2¢C
ete.

The puroose of this lesson 1s to develop an
easy way to find one special fraction name for a
nwnter waned by a decimal. This 1s done by
chserving that the digits in/t 1e decimal indicate

(%]
vy
[eTN"
L1 (M
.3 Q.

D

.
cx

31 7 45

g
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the numerator of a fraction whose denominator 1s
indicated by the place value of the last digit
on the right. Consider the decimel 1.52. The
c¢igits are 152, so the numerator of the frac-
tion is 152. The last digit, 2, Iz in hun-
dredths place, so the denominator 1s 100. Thus
-~ _ 152 _ 152 _ 152

1.52 = 28, 15.2 = 222, 152, = 22
152
0.152 = 1666

In each case we have found a fracticn name
for the number named by the decimal, dbut we
cannot say we have [ound the fraction name,
since each number has many octhers. For example,

152 6 Ls6

We call the fraction whose denominator 1s
iiczted by the place value of the last digit
ne decimal the fraction fcrm of the decimal.
he fraction _orm of the decimal 1.52 1is

[

132

143
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DECIM¥AL NAMES FOR RATIONAL NUMBERS

Certain nunbers can zlsc have decimal names.

provided the dencminator of the frection name

o]

o]

As you know, any ratlonal number has mar: fractlon names.

This
1s

1,000.

Do you recall the meaning of numerals like

the place value system of numeration.

[p]
0 o
@ o ¥
= oo S o
Z T g
S O 2 o o
QL o L ow
J T n o on P T I
o 5 £ 25 52
= v 0 S o
& Z v 0= o B
2 L&k
23.6% means 2 tens + > ones + 6 tenths + &
22 .64 = (2 10) 2 1) - 6) T )
S. = (2 X '—<v><‘-r(1-6-r\m
T00x zT the last two terms.
5 & 60 &
10 © 100 T 10C T _00
o
=T_C
So you read 2i.8% as "twenbty-three and zixty-Tour
r(f
2 1%
You ¢z writs 1t 23100.
. Bk o
Sirze 23— = 23 + —
100 T I0C
_ 2300 &
10C ~ 100
236X
- 100
e 2L 23864
- T 100
=% .,
1;‘}

O
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23.6

s true

or
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wnir

100,

Tnink

hundredths or

edths".
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Do you see that you can find a fraction name for 23.65% 1in
the following way?
The digits 2364 indicate the numerator.
The place value of the last diglt in the decimal 23,64
indlcates the denominator.

-

We shall call the fraction found in this way the fraction form

of the decimal.

Yow conslder the decimal L.206. Wnat is the numerator of
4706)
1ts fractlon form?' What is the place value of the di git & 9
(1000) (+houscnd+hs>
what 1s the denominator of its fraction form? How is the
206\

o, 3an O S (
fracticn form for L.206 written© Yy,

Exercise Set 7

L. Wnich cof the following decimals have fracticn forms with

the same numerato "‘?(ad o am!e 3 'o,;, wéi} <, l“ MJC/

a. 0.13 L. 0.25

T. 2.5 z. 1.3

c. 7.85 A, 0.78

a. C.013 1. C.025

e. 78.5 3. 13

2. Wnich of the decimals in =xercise 1 all have “raction

forms with the zame denominator? <a)g)u¢ £ b,e‘afég, \

d,%h, i i)

)
.

Are There any Uwo of the numerals listed in Txercise 1

o . - !
tnat are names lor the same numbers (ﬁ#o>

~ 13%
LSS )
- 1

ERIC
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4, Write fraction names:
32
a. 0-32 </00}

b. 18.04 (‘_‘f"—‘*\,

100 /

c. 0.075 <75>
1000

a. Le2.5 4@25

e. 9.1 /qw

\ (u/
5. Write decimzal names:

2 / JR
a. fﬁ “\G.J/}

: 58 /. 40N

D- 100 L C. 72/

132 /f 32‘_\\

e 100 L8

Exercise Set 8

Each of reglons A, B, C, 2, and E 1is a unit region.

| il
u i
| (il
n i
- ikl
sl i
i i
IR prowy
il M@
A B C D E
1. a. Write the fraction that represents the measure of

each shaded region. < 70 on (E )(D (o/(

b. write the decimal that represents the measure of

each shaded region. (A 0. 3;,(:5 o.TXC 05)(0 0.9)(5 0-?)

[
[
n

Jmi
Ne
‘\




2 a E suggests the acdition sentence -18—0 + -12—0 = -iL—O
What addition sentences are suggested by 4, B, C,
and Dv( Ll ge B =l (&2
o3 4—,'—o = 2= I)
D. E suggests the subtracticn sentence %—8 - 1_80_ = :_%—-

What subtractlon sentences are suggested by A, B, C,

k) 1__7_ 10 __7___3_ 1_0___.}:_.2?
and D ?(A o 10 Io B/o /0 10 7 TR
D%
c. Use decimals tc write the subtraction sentence
suggested by E. Sugzested by A&, B, C, and D.
(feo-c.¢202 A 10-0.3=27 B 1.0-0.770.3
3 £ 10-0.5=0.5 D 10-0.9:0.]
) F G H
l o Lld]
!
= == e es | =2

F, G, and H are unit regions.

a. Write the fraction that represents the measure of each

37\
shaded region. /oo C' Y 'oo)

b. Write the decimzl that reprecents the measure of each
\
shaded region. (F 0.27/(6’ 0. 59) Q" 0'37>
L, What addition sentences are suggested >y F, G, and H 2

Write them a) using fractions and b) using decimals.
(21 73190 ST 4L 0. 37 (3 100V . 0750100, 058+ 0.4L% £.00;0,37+0.¢3-1.00

00 0 t0C 7 JOC ,u"'D):oo T 160

5. Write the subtractlon sentences suggested by 7, ¢, and H.
Write them a) using {i.lijons and b) using decimals.
(l_o_a_ﬂ 73. 106 59 4T, 100 2763 N 27: 073 1.06~0.59 - ﬁ:ﬂ'wo 0.37+= 3)
170 g — -l - —_— 'OO Q. J
K 100 (#0) 0w 100 100) 100 Aaa “fo0
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ERIC

Aruitoxt provided by Eic:



-~

Describe a reglon you would shade tc show 0.07L o the

/ f {0 b rec o
unit square F. \SCP"*‘[ 3 smell Squere nfo 10 congruent regions

and ore of *’AC"';)

Describe a region you would shade to show .00 of

o These fen 6 . Shade

sﬁaclc
The
unit square G. (ch,[,,,; Similze
5 smealler ’:7/0,;75,/\

For each decimal, write the numerator of a2 fraction form.

'
(4> d. 0.1 (’) g.

a. O.% 7.25 (725)
PR
b. 0.25 (25) e. 0.37 3 h. 13.28 (/32;)
c. 0.01 (4] s 1.8 (19) 1. u.2s1(4251)
what 1s the Zenominztor of the fraction fortm Tor each
decimal in Zxercise 8 7‘? /0 ¢ 799 < /0°°\
(\4&_ 100 _; ;e }
‘C L /00 /
\d 1o z s0 //
Write as decimals \ ‘
Ls / 38 - 75
s =gplodn) < 560238 & 1o (0.79)
7 - > =Y ___;; / \ n lh 7 \
o o5 (z7) = —&(0.05) R I5%g (r457)
VAN . 235 \ . \
2. 1%\0 &) 100 @ 33 1865 (1. 05¢
write as fractions
/&5 2N o
a. o.65\7°z.5> a 0.37%¢ g 0.1 o(loo
s (8 /:._\, /7’7\
o. 0.8 rl_6—> e, 0 C?\ICC'J 7 7 871\-;’-045
~ e /Llf\ o T3 '_"_\ + ’Zj\
c - “\(CO/"‘ ~ . EREY [\:c,‘ BS 0.123\/000
#Mnéd n in each sentence:
3 .5 .2 £\ R R /a3
A ':?C‘E‘J‘:T:“<711‘/ ] é‘*L:*-:nKA,'IO/
2 G (TR L 23 1Lk (o7
3'3- + 2:'  h \ Z/ o4 ot <-T 7 15- .-y\IE’ O//
nr:ange -in crder from least to greatest:
C.57 5. 058, 1.0k, 0.09, 3,68, 0.1, 1,00
/
(6056, C.08 0.7 0.5z, /0% Jev <.¢)
137



Add:

(5}

o
Sof~y
N
L}

1 1\
2 - 15 =n <—2‘) g
,1 5
n=tlo o2 <’T€> h
11 7
n=g-5 (5 s
L SN
n=7- 5 (55 J
t:
t = 0.9 - o.71(o.;9_’> £.
t = 0.72 - 0.395(0.325) s.
t = 6.8 - 0.47 (9,33> h.
t = 0.35 - o.2(o,/5> 1.
t = 27.53 - 8.9(19.63) !
0.5 anc 0.39(0.29) .
0.73 and o.6(_/.33) °.
1501 and 1.9{i59 ,) g.
1 end 0.1 (1.1) h.
1 4;;38
SRS

S
n = 24§ - 193 \w“,—')
79§-25§= * (54%)

16.32 - 3.79 = &

It

c

-

~N

Uy

W,
SN

1.2 - 0.0 =t

(A
~ .

n -

w

i
N

5.5 - 0.3 =
§.7 - 2.67 = ¢
15 - 7.)48 = £ <

o
=
[0

7.8 (9.9¢)
9.072 (56.172)
4.3 (4.37)
0.201 (20.309

47.1
C.07
20.1 an

and

and

[}
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Bxercise Set g

Reacd the followi carefully. Show the relationships in earh
N I

problem using & number-line diagram. Then answer the Juescion

asked In the problem.

1. Jack ran the 50 yarc dash in I 7 scsconds. 3rian ran
the distance in 11.0 seconds. wWnec wo..: By how many

o oy 4 /
seconds ° \H.O -9 7=n ~2cx wom b4 z2.3 scconds.)

2. During “he first six months of a year, 1LX.8 1nches of
rain was recorded. During the nex:t six months, %.7%
lsnches Tell. How mmuch rain fell Guring the year:

. - > oz A \
(Jd.{ +9. 7%=+ Z2.59 imehes Fel Tart yeer
3. The Empire State Bullding in New Vork City 1is 1250 ~feec:

205.5 feet high. How much higher 1s the Impire State

4, Tne average annual rainfall of Loulsiana is 57.3% inches.
The £ mpire State 5w/a//v/¢ s Fre. S SFeek <
The average annual rainfall for Nevacda is 8.6 #nches.

Wnat is the difference tetween the annugi- rainrall averages

. -y - / .
of these two states? (§7.34-9.6=m e o Foenie s
& 9. 74 /»15465)

5. The normal body temperzturs is 98.£°. Bitiis temperature
0 . .
was .8 above normal. what was his temperature?
Ve

la)
A\
. / ’
(776 + 0.8 =, 8/ //: 7—<z-,«/0:r*g77,’< wes ¥Y.¥ c)
S garden is 30% feet “ong and 17% feet wide., How

many feet of wire will it talie to put a2 fence around it? \
: 4 L ;0 L
+;7§=u The demee wil] Fobe Y5 *1 et )
- d

}-
(@)
O

o)',‘

O
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\O

10C.

/ 4 /
Lecnardo da Vinei 76..2 f%. //~/c rercc da //"/4/\
/ Cris 7o ¥rrs Colombe
Augustus OSO L ot i JU ///’,o Cesere
) Q AogusTes /
cristeforo Columdo 700.C i, B /
Guillio Cesare 680.5 ft. y

Zist the ships in order, Irom longest *o shortest. Then

malce up three problems about the lengths the shipe.
/Drob /e m s w;// Vo ’7/

4

T™e highest average annual temperature Tor the worid was
38°7. recorded in Africa. The alghest averzge anrual

. A . - e g0
temperaiure for the United States was 77.6°F. recorded

El

'n Florida. What 1s the difference be“ween these tuwo

o~ , o A\
- -z 7 e < g. ~
temperatures? («"’V ~77 622 The dirrmemee o2 *E

\

Pat rode his bicycle l9vlr miles one Zday and 15—2— miles

the next day. How much farther dld ne ride his bilcycle
! -2 D
the firs” day than the second? (193 - 155/ 2F rode
3/%’:»1//(5 158»"%/,4{/ '7//;6 7‘C/r:7L a/a/(/
C.2 inches of rain fell on Monday, 3.0 incnes on Tuesday,

and 2.4 inches.on Wednesday. How many inches of rein

fell on the tr-ee days® (3‘2 +3.0+24= = 26 cehes o L
rem Lefl om Fhese e Jv/\

The RBritish ship, Queen Elizabeth, 1s 1031 feet long.
The Andes, another Britich shir, is 665.3 feet long.

HJow much longer 1s the Queen Ellzabeth? /ros.'.o -669.3=¢
\

The Queerr E/x2 be# s 3617 FF /onfer.)
The equatorial diameter of the world is 7,925.68 riles.
The polar diameter 1s 7,899.99 niles. How much greater

is the eguatorlal ciasmeter than the polz. dlame:er?
(Zng 68 - 7: ®4G 49 = s The cfes Téwxa/ (7//,3»/(/'/(/ /s 2669
) b, fes /oﬁ/f*)

14C
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PRODUCTS OF ANY TWO RATIONAL NUMBERS (OVERVIEW)

Selore suggesting teaching procedures Icr
vne lesson of immediate cconcern, let us firss
outline bdriefly our plan for developing an under-
standing of the multiplication of rational num-
bers. Taree different kinds of physical models

are to be used in eacn ¢’ three reiated devel-
ovr.>ntal lessons. These are nodels of
(.) rectangular regions, (2) line segnents on tre

nunber line, and {(3) ccllections ~f groups of
objects. The developmental lessons w1l follow

that sequence. For example, we will see how we

. . 2
can asscciate the product *F x +,
~

(1) with
>3 & e
¥ X = = 7= 1s associated with the
shaded region.
(2) with line segments on the nurber line:
2 3
3 X3Z
A : |(-' 10 18
o] 3
7 !
3 i, e ot g
< = = 1s associrted with the

1wl

x
easure ol line segzment ZEC.

with a collectic.. of obje Is:
H H t i
IOMOMO}
D
| LY (D
00,6
i |

% x 8 =0 1is assc:ciated wi-n the number

~—~
(93]
~—

of unshaded rings. Also, considering

141

1

Ut
PAN
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! he set as a2 unit, = X f = % is

é associated with the number of rings with
L cets.

X Region.

o The first mocel used for deeloping the

Il mltizlication of rational numbers 1s the rec-

|! tanguiar region. This cloice 1s made in part

ii cecause of i1ts similarity to the array whicn was
i used to develop the concept of multiplication of
li whole numbers. You will recall that the product
|i 3 x -~ was represented by an array of 3 Trows
oand L columns.

¢

i

¥ 4

¥ 3]0 €09 I x b= 12,
g e o0 @

J ls s 0 @

In a rsctangular region, the measures ol wnose
ides are wnole numbers, we have _cr a 3 Dby
egion this picbure.

Separating the rectangular region into unit
square regions, we again have 3 x % = 12.
That is, the measure of the region is the pro-
duct of the measures of the sides.

we now assume that the same relation between
i| measures of sides and measure of a rectangular
region should be true when the measures of the

| sides are rational numbers. Therefore, we begin
i our study of multiplication of rational numbers

| by examining a rectangular region contained in a

I unit square region. A
2 : 2
b

2
S opy &

ng lines through the = division marks on
1 .

. Tre shaded region is a : vy 5 region. that
| part of the unit square region is the shaded

| . .

| region? Ve separate the unit sguare region by
! ]

| drawil =

1

manira A Fhho Athowr
S O Toe Qounerl

I
RRSBROIOENIC SRS V249 >

O

ERIC

Aruitoxt provided by Eic:




- - L -—— P L - ~ P
SIUS separating Tne unit sguare reglon inte
.

- . s
- X Z, or & congruent rectangular rezions.,

-

ZTach of these Is = ¢

Tne csraded region cover S X 1, or 3 c¢f these
: . ; 3 o e
; s¢c <ne snacdec reglon is I the unit sguare
1 v -
il regicn, and the measure o the shacded region is
H é. ATCer Investizating a numnber of similar
b - . s A e
| exarples, we assoclate Tnhe neasure of the reglon
Il with the product ol the measures of the sides.
a1
|
|

O
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Ozjective: To review the properties of z rectanzular region.
‘ccadbulary: Simple closed curve, rectangle, sguare, interior,

o]
rectangular regicn, rignt angle.

Since understanding of the measure of a
region, and sp2cifiezlly, of a rectangular region
wnose sldes have measures wnlech are whole numbers,
1s basic to the development of multipllicatlion of
rational numbers described in the preceding
section, the purpose of this lesson 1s to assure
that the puplls have these basic understandings.
First recall what is meant by (a) a simple
closed curve, (b) 2 sirple closed curve which is
the union of line segments, (c) a simple closed [
curve wnich s the union of four line segments,

ané finally, d) a simple closed curve which 1is
the union of four line sezments and which has
four right angles. Note that in the rectangle,
ooposlite sides are congruent. Some rectangles
nave all Tour sides congruent, and are called

| sguares,

(;;«
C

< R
b
‘!3
i —
ol !
P !
p | !
b i
|
i1 rectangles d d squares
b , .
H A rectangular reglon i1s the union c¢f the
, rectangle and its interior.
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Recall Tthat to measure 2 segment, we use a
unilt sezment. I we choose the unit sezment
shown,

A B

H H [ 1 i : 1
unit )
segmen’

___ Then the measure of segment AB (writs
mAB) i3 %, since AB is the union of L s
ments, each congruent_to the unilt segment. DNote
nat the measure o AR 1s a2 numter.
) Tn measure a reglon, we use as a unit sqguare
rezion. I the unlt square region shown velow 1s

— D £
f T
| ( |
. _____:___[_ _ |
unt N o |
square ] .
region I i
c + F

trnen the measure of the rectangular region CDEF
iz &, since the region CDEF can be separated
int € square reglons, each congruent to the
unit square region.

In dealing with rectangular regions, we
choose 2 unit square region whose side is z unit

egment.

unit segment

unit
square
region

When the sides of a rectangular reglon are
measurel using the unit segment, and the region
1s measured using the related unit square region,
we note that the product of the measures of the
sides 1s the measure of the region.

For example, if the sides are 3 inches
and 5 1inches in length, the measure of the
reglon, in square inches, is 15.

Care should be taken to distinguish the
measure of the rectangular region, for which a
unlt square region is used, and the perimet:r of
the rectangle, which is the sum of the lengths
of the sldes, and 1s therefore found by using 2
unitc segment. i

145.1 5535
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RECTANEULAR EZCIONS:  RIEVIEW
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de ares 